Metric Algebraic Geometry of Grassmannians

by

Hannah Friedman

A dissertation submitted in partial satisfaction of the
requirements for the degree of
Doctor of Philosophy
in
Mathematics
in the
Graduate Division
of the

University of California, Berkeley

Committee in charge:

Professor Bernd Sturmfels, Co-chair
Professor Serkan Hogten, Co-chair
Professor David Eisenbud
Professor Nikhil Srivastava

Spring 2026



The dissertation of Hannah Friedman, titled Metric Algebraic Geometry of Grassmannians,
is approved:

Co-chair Date
Co-chair Date
Date
Date

University of California, Berkeley



Metric Algebraic Geometry of Grassmannians

Copyright 2026
by
Hannah Friedman



Abstract
Metric Algebraic Geometry of Grassmannians
by
Hannah Friedman
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Bernd Sturmfels, Co-chair
Professor Serkan Hosten, Co-chair

The Grassmannian Gr(k, n) is the set of k-dimensional subspaces of the vector space R™. It
is an important object in algebraic geometry, but also in applications, particularly statistics
and data science. The Grassmannian is an algebraic variety, and therefore has equational
representations. The equational representations one uses in algebraic geometry and in ap-
plications are different, and the interplay between these different representations will be an
important tool and object of study for us. The equational representation used in algebraic
geometry is called the Pliicker embedding, and we introduce the projection Grassmannian
for the equational representation from applications.

Metric algebraic geometry is a relatively new field which bridges algebraic and differential
geometry by investigating metric aspects of algebraic varieties. One important aspect of
metric algebraic geometry is the study of algebraic optimization: given a data point and
a variety, what point on the variety is closest to the data point? We answer this question
by computing critical points of the optimization problem. The number of complex critical
points is constant for generic data and is called the algebraic degree of the problem.

We develop a framework for algebraic optimization and describe the prime ideals of the
Grassmannian and related varieties in the first part of the thesis. In Parts II and III, we
study optimization problems on Gr(k,n) from an algebraic perspective.

In the second part of the thesis, we explore various polynomial optimization problems on
the Grassmannian from the perspective of metric algebraic geometry. The multi-eigenvector
problem, canonical correlation analysis, and correspondence analysis are all polynomial opti-
mization problems on Grassmannians and flag varieties. Their critical points are all real, and
come from the spectral theorem and the singular value decomposition. We then turn to a con-
strained eigenvalue problem in quantum chemistry, namely the optimization of the Rayleigh
quotient on tensor train varieties. We prove that tensor train varieties are parametrized
by products of Grassmannians. We compute critical points and data discriminants for this



problem. We conclude with a study of Euclidean distance optimization for subvarieties of
the Grassmannian with data also in the Grassmannian. This leads us to introduce the
Grassmann distance degree as an algebraic measure of the difficulty of this problem. We
characterize the Schubert varieties for which this problem is particularly simple.

In the third part, we take the perspective of algebraic statistics and study maximum likeli-
hood estimation on a family of probability distributions called determinantal point processes.
We prove that, for a dense open subset of determinantal point processes, the maximum likeli-
hood estimation problem can be solved by recursion. We illuminate the relationship between
projection determinantal point processes and the Grassmannian via a new variety called the
squared Grassmannian sGr(k,n). We prove that, for k=2, all complex critical points of the
maximum likelihood estimation problem on the squared Grassmannian are real and positive.
We introduce squared linear models and show that they share this remarkable property.
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Chapter 1

Overview

The theme of this thesis is optimization on Grassmannians. The Grassmannian, denoted
Gr(k, n), is the set of k-dimensional vector spaces of R”. It is a central object in mathematics
(algebraic geometry, combinatorics, differential geometry) and in applications (statistics,
machine learning, quantum chemistry, physics). The aim of an optimization problem on the
Grassmannian is to find the best k-dimensional subspace, for some notion of “best.” For
instance, given a symmetric matrix, the problem of finding its best rank-k approximation is
an optimization problem on Gr(k,n). We view the Grassmannian as an algebraic variety and
adopt the approach of metric algebraic geometry [19] to solve these optimization problems.
This turns optimization problems on Gr(k,n) into systems of polynomial equations. In
Part I, we introduce and give background on algebraic optimization and on Grassmannians
separately. In Part II, we investigate various polynomial optimization problems on the
Grassmannian that arise in applications. In Part III, we turn our focus another optimization
problem, namely, maximum likelihood estimation for determinantal point processes; these
are statistical models closely related to the Grassmannian. We now give an overview of the
contents of each chapter, followed by a summary of the main results in this thesis.

1.1 Outline and Contributions

In Chapter 2, we present a general introduction to the algebraic perspective on distance
optimization. Most importantly, we define the algebraic degree of an optimization problem
as the number of complex critical points of that problem for generic data, and give conditions
under which this degree is finite. We introduce three kinds of general optimization problems:
optimizing a polynomial on an affine variety, optimizing a degree zero rational function on
a projective variety, and maximum likelihood estimation on a projective variety. Maximum
likelihood estimation is an important optimization problem in algebraic statistics, the aim
of which is to find the point in a statistical model that best explains a given data point.
In each of these scenarios, we introduce the critical correspondence, which is the incidence
variety of data and critical points, describe its prime ideal, and give formulas for the degrees
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of generic models. We conclude the chapter with parametric analogs of the above concepts
and a few words on numerical computations.

In Chapter 3, we collect background information on the Grassmannian and related va-
rieties. This chapter is largely based on Section 2 of joint work with Serkan Hogten [17],
which has been submitted for publication. In addition, Sections 3.3 and 3.6 are based on
Sections 5 and 2, respectively, of joint work with Karel Devriendt, Bernhard Reinke, and
Bernd Sturmfels [34], which was published in Acta Universitatis Sapientiae, Mathematica. In
particular, we discuss different embeddings of the Grassmannian and flag varieties and how
they relate to one another. The effect of this interplay on optimization is a central theme of
our work. We prove that these embeddings are smooth, and we describe their prime ideals.

Chapter 4 is based on joint work with Serkan Hogten [17]. We study the algebraic de-
grees of various optimization problems from linear algebra and statistics, namely the multi-
eigenvector problem, the heterogeneous quadrics minimization problem, canonical correla-
tion, and correspondence analysis. We prove that all complex critical points are real for the
multi-eigenvector, canonical correlation, and correspondence analysis problems. In fact, we
give complete descriptions of the critical points for each of these problems.

In Chapter 5, we study a constrained eigenvalue problem on tensor train varieties from
the perspective of Chapter 2. We prove that tensor train varieties are parametrized by
products of Grassmannians. We introduce and study the discriminant of this problem. We
conclude with numerical experiments on small tensor train varieties. This is based on joint
work with Viktoriia Borovik, Serkan Hogten, and Max Pfeffer. This work has been submitted
for publication and a preprint is available [16].

We turn to distance minimization within the Grassmannian of lines in Chapter 6. This
is based on joint work with Andrea Rosana and Bernd Sturmfels. We study the image
of the rational map sending a skew-symmetric matrix to its square. This map is closely
connected to the different realizations of the Grassmannian in Chapter 3. We introduce the
Grassmann distance degree, which is the algebraic degree of Euclidean distance minimization
on a subvariety of the Grassmannian where the data point is also in the Grassmannian. We
describe how to compute the critical points of such a problem, with a particular focus
on examples in the Grassmannian of lines in 3-space and Schubert varieties. It has been
submitted for publication and a preprint is available [15].

In Part III, we focus on maximum likelihood estimation for determinantal point processes.
We consider a subclass of determinantal point processes called L-ensembles in Chapter 7.
We prove that the critical points with a given block structure can be found by solving a
series of smaller maximum likelihood estimation problems. We conclude with numerical
experiments, showing that the maximum likelihood degree, which is defined as the algebraic
degree of the maximum likelihood estimation problem, grows rapidly with the model. This
is based on joint work with Bernd Sturmfels and Maksym Zubkov. It was published in
Algebraic Statistics [50].

In Chapter 8, we consider a subclass of determinantal point processes that is disjoint from
the subclass of L-ensembles; these are called projection determinantal point processes. We
uncover the relationship between projection determinantal point processes and the Grass-
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mannian via a new variety called the squared Grassmannian. We find the maximum like-
lihood degree of the squared Grassmannian and prove that all critical points are real and
positive. We also give a formula for the maximum likelihood degree of the Grassmannian.
Section 8.2 is based on [34, Section 3|, and Section 8.6 is partially based on |31, Section 4].
The remainder of the chapter is based on [16], which was published in Proceedings of the
American Mathematical Society.

In Chapter 9, we study statistical models that are parametrized by squares of linear
forms. All critical points of the likelihood function are real and positive. There is one
critical point in each region of the projective hyperplane arrangement defined by the linear
forms. We examine the ideal and singular locus of the model, and we describe generators of
its likelihood correspondence. We characterize tropical degenerations of the MLE, describe
the log-normal polytopes, and explore connections to determinantal point processes. This
is based on joint work [19] with Bernd Sturmfels and Maximilian Wiesmann, which was
published in SIAM Journal on Applied Algebra and Geometry.

1.2 Main Results

The main results of this thesis come in three flavors: (1) describing maps between varieties,
(2) describing prime ideals of varieties, and (3) describing critical points of optimization
problems. For the reader’s convenience, we list the main results here; we explain and state
a few of these results below.

The main results describing maps between varieties are
e Theorem 3.6.2: Pliicker embedding to projection Grassmannian;
e Theorem 5.4.3: product of Grassmannians to tensor train variety.
The following results are descriptions of prime ideals for various important varieties:

e Theorem 2.2.3: critical correspondence;

Theorem 3.3.2: projection Grassmannian;

Theorem 3.4.2: projection flag variety;

Theorem 3.5.2: isospectral model;

Theorem 8.2.3: squared Grassmannian;
e Theorem 9.3.2: parametric likelihood correspondence for squared linear models.
The remaining results have to do with the critical points of various optimization problems:

e Theorem 4.1.6: critical points of the multi-eigenvector problem are eigenspaces of the
data matrix;
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e Theorem 6.3.7: the ED degree is strictly greater than the GD degree for subvarieties
of the Grassmannian of lines having dimension at least 4;

e Theorem 6.5.6: certain Schubert varieties in the Grassmannian have GD degree 1;

e Theorem 7.2.1: the parametric maximum likelihood estimation problem for L-ensembles
can be solved recursively;

e Theorem 8.1.4: ML degree of the squared Grassmannian;

e Theorem 8.1.5: all complex critical points of the maximum likelihood estimation prob-
lem for the squared Grassmannian are real and positive;

e Theorem 8.6.2: ML degree of the Grassmannian;

e Theorem 9.1.1: all complex critical points of the maximum likelihood estimation prob-
lem for squared linear models are real and positive.

We now explain and state four of these results in more detail.

The Projection Grassmannian

A central theme in this work is the interplay of the two “lives” of the Grassmannian; see
Chapter 3. The first life is familiar to algebraic geometers: it is the Pliicker embedding,
which realizes the Grassmannian as a smooth projective variety. The prime ideal of this
variety is generated by the Pliicker relations; see Theorem 3.2.1.

The second life of the Grassmannian is more prevalent in applications. If A is a real
n X k matrix whose columns span a point in the Grassmannian, then we can represent the
column span of A by the unique orthogonal projection matrix P = A(AT A)~1 AT onto that k-
dimensional vector space. The matrix P is symmetric and satisfies P? = P and rank(P) = k.
Because the minimal polynomial of P divides z? — z, the eigenvalues of P are all either 0 or
1, and so we can replace the rank condition with the equation trace(P) = k. We therefore
define the projection Grassmannian as the zero set of the equations P?— P and trace(P) = k.
In fact, these equations generate the prime ideal of the projection Grassmannian.

Theorem 3.3.2 The ideal (P? — P) is radical, and the ideal {P? — P, trace(P) — k) is prime
for all k. The projection Grassmannian is smooth.

The proof uses the transitive action of the orthogonal group on the Grassmannian along
with the Jacobian criterion. Similar arguments work for the Stiefel manifold (Theorem 3.1.2)
and for generalizations of the projection Grassmannian to the projection flag variety (The-
orem 3.4.2) and to the isospectral model (Theorem 3.5.2).
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The ML Degree of the Positive Grassmannian

We now turn to the Pliicker embedding of the Grassmannian; see Section 3.2. We will view
the positive Grassmannian Gr(k,n)s¢ as a statistical model. The positive Grassmannian is
the set of points (z;) in Gr(k,n) in the Plicker embedding with z; > 0 for all k-subsets [
of [n] = {1,...,n}. A point (z;) in Pliicker coordinates is a distribution on k-subsets of [n]
where the probability of choosing a set I is x;/ Y fz;. Given a data point u = (uy), the
log-likelihood function is

Lu(w) = 7 firtogler) — (3 un)log(3 o) (11)

1

Here, each sum is over the k-subsets of [n]. The point (x;) which maximizes L, is called
the maximum likelihood estimate, and it is the distribution that was most likely sam-
pled from if one observes the data u. This is easier to see from the likelihood function
exp(Ly (X)) = [1,; 24" /(32 frr) =1, which gives the probability of observing the data point u
when sampling from the dgstribution x. The log-likelihood function and likelihood function
have the same maximizer. The maximum likelihood degree (ML degree) of the positive Grass-
mannian is the number of complex critical points of the constrained optimization problem
max L,(x).
z€Gr(k,n)
The ML degree is an algebraic measure of complexity of the optimization problem, and it is
an important invariant of a variety in algebraic statistics |27, 08, |. The ML degrees of
the Grassmannian were first computed in 68| for k£ = 2 and n = 4,5. We will now present
a general formula for the ML degree for k = 2; this is a partial answer to [08, Problem 13|.

Theorem 8.6.2 The positive Grassmannian Gr(2,n)<¢ has ML degree (2"~1 —n)(n — 3)!.

Positive Critical Points

Once one has computed the ML degree of a variety, one might ask how many critical points
are statistically relevant, i.e., how many correspond to actual probability distributions. It
can happen that even though the ML degree is high, the number of relevant local optima is
low. This happens for linear and toric models; see [122, Corollary 7.3.8]. In both cases, there
is exactly one critical point in the probability simplex. In these cases, maximum likelihood
estimation is easy, even though the ML degree might be high. The two main results we
present here describe the opposite phenomenon. To the best of our knowledge, these are the
first examples of models for which all complex critical points of the log-likelihood function
are real and positive.

The first model is called the squared Grassmannian sGr(2, n); see Section 8.2. This variety
is the Zariski closure of the image of the coordinatewise squaring map on the Grassmannian
in Pliicker coordinates:

n
2

Gr(2,n) — P()1, (1) = (ar) = (a7)-
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The state space of the model is the set of 2-subsets of [n], and the probability of observing
aset I'isa7/> ;2% =qi/ > {qs. The corresponding log-likelihood function is (1.1), which
we evaluate at points g € sGr(2,n).

Theorem 8.1.5. For u € N ’2‘)’ each complex critical point of the log-likelihood function
L.(q) over sGr(2,n) is real, positive, and a local maximum.

The statistical model we have just described is an example of a determinantal point
process; see Section 8.1. Theorem 8.1.4 states that ML degree of this model is (n — 1)!/2.
Statistically, these results imply that maximum likelihood estimation is very difficult for this
model. In particular, using a local gradient ascent method is very likely to become trapped
in a spurious local maximum. To find the true global maximum, one would need to compute
all local maxima and evaluate the objective function at each one.

The second example is the family of squared linear models. The variety M which under-
lies the model is the image-closure of the rational map

P51 __, Pn—lj Ty = (6%(1’) D gi(I))

where ¢1(x),...,0,(z) are linear forms with real coefficients. The points in the model are
probability distributions with state space [n] where the probability of observing the event 4
is 67 (2)/ >, 6(x) =4/ > ](yj. The corresponding log-likelihood function is

Lu(y) = Zuzyz - (Z u;) 10g(Z<¢)~

1=

Theorem 9.1.1. For generic data u € RZ, every complex critical point of L,(y) on the
model M C P"! is real, positive and a local mazimum.

For this model, the ML degree is the number of regions in the projective hyperplane
arrangement defined by ¢1, ..., f5; this is computed as |y(—1)|/2 where y is the characteristic
polynomial of the matroid represented by the hyperplane arrangement; see Corollary 9.1.4.
As the ML degree of squared linear models grows rapidly, and all critical points are positive,
maximum likelihood esitmation is very challenging for squared linear models as well.



Chapter 2

The Algebraic Degree of an
Optimization Problem

Given polynomials fi,..., f. € Rlxy,...,z,], let M =V (f1,..., f,) be an algebraic variety
of codimension ¢ whose real points My are Zariski dense in M. If fi, ..., f, are homogeneous,
then we view M as a projective variety in complex projective space P"~!. Otherwise, M C
C" is an affine variety. We write d; = deg(f;) for i = 1,...,r and I = (f1,..., f.) for the
ideal of M. We consider optimization problems of the form

min/max g, (1, . .., ) (2.1)
rEMpg
where g, : M — C is a function that is real-valued on Mg, i.e., g,(Mg) C R. We also require
that the partial derivatives of g, are algebraic functions of the variables x4, ..., z,, and linear
functions of the parameters uy, ..., u,,. We write Vg,(x) for the gradient vector of g,.

In order to exactly solve the constrained optimization problem (2.1), one computes the
critical points. These are smooth points x such that Vg,(x) is orthogonal to the tangent
space T,(M) of M at x. We can find this set of critical points using Lagrange multipliers
by solving the following system of polynomial equations

V(gu(®) + Mfi(@) + -+ N fr(x)) = 0.

where partial derivatives are taken with respect to zi,...,x,, A1,..., \.. An equivalent
formulation that avoids introducing new variables is that the gradient Vg,(z) is in the
rowspan of the » x n Jacobian

Vfi(z)—
Im(x) = : (2.2)
Vfi(z)—
After finding all the critical points, we plug them back into the objective function g, to find

the minimum or maximum. The complexity of this process can be measured by the number
of critical points. This is the motivation for the following definition.
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Definition 2.0.1. The algebraic degree of the optimization problem (2.1) is the number of
complex critical points for generic data w.

The algebraic degree is a measure of the difficulty of the optimization problem (2.1). For
instance, if (2.1) has one critical point for generic data, then (2.1) may be solved correctly and
efficiently using local methods. Furthermore, any optimal solution is an algebraic function
of the input data of this degree [99, , |. Finally, there is a paradigm in numerical
algebraic geometry, that computing the solutions to a system of polynomial equations is
faster if the number of solutions is known a priori; see Section 2.5. We will show that the
algebraic degree is often finite.

To do this, we introduce the critical correspondence of (2.1). This is the set

Cm = {(z,u) € M° x D : x is critical for u}

where M° is an open subset of M to be specified and D is the data space C™ or P™~!. The
critical correspondence naturally projects onto the first and second factors:

Cm
M D

Given data u € D, the fiber 7, ' (u) is the set of critical points for (2.1). In Euclidean
distance optimization, the critical correspondence is called the ED correspondence [37], and
in likelihood geometry, it is called the likelihood correspondence [70]. We present here a
general framework that encompasses both of these perspectives.

This chapter is organized as follows. In Section 2.1, we introduce the three concrete
scenarios that appear in this paper, namely optimization of a polynomial over an affine
variety, optimization of a rational function on a projective variety, and optimization of the
log-likelihood function on a projective variety. In each scenario, we will give an explicit
description of the critical correspondence Cyq, and we introduce a running example for each
of these scenarios. In Section 2.2, we prove that the critical correspondence is a vector bundle
over M° of dimension dim(D) in the three scenarios covered in Section 2.1. In particular,
this proves that the algebraic degree is finite in these scenarios. We also describe the prime
ideal of Cp¢ (Theorem 2.2.3), which in turn gives a description of the critical ideal for fixed
data u (Corollary 2.2.4). In Section 2.3, we collect formulae from the literature for the
algebraic degree of a generic complete intersection (Theorem 2.3.2). In Section 2.4, we give
parametric analogs of the above: we define a parametric correspondence which is also a vector
bundle (Theorem 2.4.2), describe the prime ideal of this correspondence (Theorem 2.4.4),
and describe the critical ideal for fixed data (Corollary 2.4.5). We give an upper bound on
the number of critical points of a general rational function (Theorem 2.4.7). In Section 2.5,
we conclude with comments about how one solves these optimization problems numerically.
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2.1 Scenarios in Algebraic Optimization

The three important examples for us will be when g, is a polynomial and M is an affine
variety (Chapter 4), when g, is a rational function and M is a projective variety (Chapters 5
and 6), and when g, is the log-likelihood function and M is a projective variety (Chapters 7,
8, and 9). We introduce these in detail now.

Scenario 1 (Affine). We now take g,(z) to be a polynomial in x with deg(g,) = e and
M C C" to be an affine variety. Examples from the literature include the Euclidean distance
gu(z) = ||z — u||? [37] and the linear function g,(z) = wyzy + -+ + u,x, [96]. The critical
points are smooth points for which Vg, (z) is in the row span of the Jacobian matrix Jp(x)
in (2.2). Equivalently, we look for smooth points x where the augmented Jacobian

i = () ( (23)

drops rank. We therefore write the critical correspondence explicitly as

Cou = ({0, ) € Mg X C - rank( Ty () = ¢} € C" x €™ (24)

Example 2.1.1 (Cuspidal Cubic). Given a data point (u,v) € R? what is the closest point
on the cuspidal cubic defined by f = 23 — y?? The answer is given by the solution of

. 2 2
min Tr—u) + — V).
(Ly)GV(f)( ) (y )

3r?2 -2y
dence Cy () C C? x C? is found by imposing the condition that the augmented Jacobian has
rank at most one and saturating by the singularity:

(@® — %, det(T (2,9))) « (2, 9)™

Given data (u,v) = (2, 1), the critical points are the four solutions to

The augmented Jacobian equals J /EZ’”) (x,y) = (x -u Y U) (aend the critical correspon-

222 — 4z + 3y — 3y =0 92y — 41z + 18y% — 12y + 16 = 0
—16zy 4+ 122 + 9> — 182 + 17y = 0 9xy? — 18zy + 17z + 6% — 6y — 16 = 0.
Two of these four critical points are real, as seen in Figure 2.1. o

Scenario 2 (Projective). We now wish to optimize the quotient g, = h,/q where h, and ¢
are homogeneous polynomials of degree e in  and ¢ does not depend on the data u € P™~!.
One important example is the Rayleigh quotient g,(x) = 27Uz /x"x where U is an n x n
symmetric matrix; see Chapter 5. In practice, V(¢q) usually has no real points, so g, is
well-defined on real projective space IP’H%_I. For instance, in this work, ¢ will always be the
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Figure 2.1: Real critical points of the ED problem for the cuspidal cubic 2® = y? with data
(u,v) = (2,1) (green). The global minimizer is (0.51798, 1.27026) and the other critical point
is (—0.3728,1.43165) (orange).

isotropic quadric z% + - - - + x2. Here M C P"! is a projective variety that is not contained
in V(q). We then define the augmented Jacobian matrix

Vh,(z)
Til(x) = | Yalz) (2.5)
m(z). QM
In addition to excluding the singular points of M, we now also exclude points where g, is
not well-defined. Hence, the critical correspondence is now
Crm = {(z,u) € Myex\V(q) x P=1:rank(J 3 (z)) = ¢+ 1}. (2.6)

Lemma 2.1.2. For every point (x,u) € Capg N (Myeg\V (¢) x P™71), the matriz (év?x))
M

has rank ¢ + 1 and x is a critical point of (2.1) for the data u.

Proof. Since z is smooth, Juy(x) has rank ¢, so we just need to show that Vg(z) is not
in the rowspan. Suppose there exists A, ..., A\, with Vg(z) = MV fi(z) + - + N\ V. (x).
Multiplying on the right by the column vector x and applying Euler’s Theorem, we find

e-q(z) = Mdifi(x)+ -+ Nd fr(x) =0

where the second equality holds because v € M =V (fy,..., f,). Since x ¢ V(q), the matrix
has rank ¢+ 1.

We now argue that x is critical. By the quotient rule, the gradient of the objective
function is

q(x)?

wm—v(@ (2) = A (q() Vha(z) — hu(z)Va(a).
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Thus z is critical if and only if ¢(2)*Vg,(z) = ¢(2)Vh,(z) — h,(2)Vq(z) is in the rowspan
of Jm(z). Since (z,u) € Cay N (Myeg\V(¢) x P 1), there exist u; # 0,z such that
1 Vhy(x) — 1aVq(z) is in the rowspan of Jy(z). We argue that us/puy = gu(z). Indeed,
writing p1 Vh, (x) — 12 Vq(z) as a linear combination of the rows of Jy(z), multiplying by x,
and applying Euler’s Theorem as above, we find that ph,(z) = peq(z). Since py,q(z) #0
we have the desired equality po/p1 = gu(z) and thus Vg, () is in the rowspan of Jy, and
is critical for w. O

Example 2.1.3 (Circle). Set M = V(22 +y*—2%) C P2 let hy(z,y,2) = (4 v 2){ (¥ v z)T,
and fix q(z,y,2) = 22 + y* + 22. Here the data space P(Sym?C") is the space of symietric
3 x 3 matrices. For U € P(Sym*R™), the optimization problem

3 hU(fIT, y7 Z)
min/max =~ —————=
(z,y,2)€V (22 4y2—22) Q(ma Y, Z)

is the best approximation of the eigenvector belonging to the smallest (resp. largest) eigen-
value of U while staying on the circle. The augmented Jacobian is

UL + U1y + U132 U12T + U2y + U232 UI3T + U3y + U332
j‘g(f) (x,y,2) = x Yy z .20

x Y —Zz

Since the model is smooth, the critical correspondence Cpq C P? x P° is found by imposing
a rank condition on the Jacobian and saturating by the denominator:

<$2 + y2 - 227 det(j\/U(f)(za Y, Z>)> : <Zl72 + y2 + 22>oo‘

For the data matrix

=

I
/-QU\CAD)—‘
NN

& =
VR

the four critical points are the solutions to
6y + 11lzz — 6y° — 5yz + 32> =0 daz® + 6y° + 5yPz — Tyz? — 422 =0
Py =2 =0
The two real critical points are shown in Figure 2.2. o

Scenario 3 (Maximum Likelihood). For maximum likelihood estimation, we set n = m and

n

gu(z) = Z(’ log(x;) — (ug + - -+ + up) log(xy + - -+ + ).

i=1
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Figure 2.2: Real critical points of the constrained eigenvalue problem on the circle. The
picture is in the affine chart z = 1. The orange points are the critical values. The green points
represent the true eigenvectors of the matrix U corresponding to the largest and smallest
eigenvalues. The point [0.40102 : 0.91607 : 1] is the global maximizer and [—0.40102 :
—0.91607 : 1] is the global minimizer.

The following perspective on maximum likelihood estimation is called likelihood geometry.
Likelihood geometry is an important topic in algebraic statistics [68, 69, 70, | and it is
the setting of Part III.

The denominators that appear in the partial derivatives of g, are x1,...,z,, 1+ -+ x,.
We therefore define the hyperplane arrangement H = {x € P"" ! : 2y - - 2, (214 - -+x,) = 0}
where these partial derivatives are not well-defined. By [122, Theorem 7.2.3|, the appropriate
augmented Jacobian is now the (¢ + 2) x n matrix

ul DY un
l’l DY a’;’n
Ofh ... of

Ty(x) = Oy Inoa, | . (2.8)
of . . ok
18_"51 P xnm
Note the appearance of x,...,x, in the last r rows. The critical correspondence is called

the likelihood correspondence in this case:

Cvm = {(z,u) € Myeg\H x Pr=1: rank(J3 (z)) = ¢+ 1}. (2.9)
In this situation, the algebraic degree is called the mazimum likelihood degree (ML degree).

Example 2.1.4 (Binomial Distribution). Suppose you are flipping a biased coin that has
probability ¢ of landing on heads and probability 1 — ¢ of landing on tails. If you flip the
coin twice, the probability of observing two heads is z = ¢, two tails is z = (1 — ¢)?, and
one of each is y = 2t(1 — t). The set of probability distributions that can arise from this
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process is the intersection of f = 4xz — y* with the probability simplex Ay = {(z,y,2) €
R3:z2+y+z=1,2>0,9y >0,z >0}. Flipping a coin with unknown bias, we observe that
we see two heads u times, two tails w times and one of each v times. To find the bias ¢ of
the coin, we solve the maximum likelihood estimation problem

[ m]gg(f) ulog(z) 4+ vlog(y) +wlog(z) — (v + v+ w)log(z + y + 2).
Tz

The augmented Jacobian is

u v w
Ty @y, 2) = y oz
vz —2u° 4wz (

and the critical correspondence Cyq C P? x P? i3 cut out by

(402 = o, det(TV(5" (@, 2)) : (ayela+y + 2)
= (daz — o2, yv + 2yw — dzu — 2zv, 220 + daw — 2yu — yv)

The ML degree of this model is 1. The data point (u, v, w) = (2, 3,5) has a real critical point

in the simplex, namely (z,y,z) = ﬁ(49, 182,169); see Figure 2.3. This critical point has

_ 7 o . . . 7
t = 55, so the probability of the coin landing on heads was most likely 5. o

Figure 2.3: Maximum likelihood estimation for binomial distribution. Here we work in the
affine chart x +y+ 2 = 1. The horizontal axis is the x-axis and the vertical axis is the z-axis.
The diagonal represents the third boundary component y = 0 of the probability simplex.

The data point (2,3,5) has a single critical point ﬁ(49, 182,169).

We summarize the above in the following table: the type of g,, the open set M° of M
where we look for critical points, the data space D, the augmented Jacobian [J3,, the critical
correspondence C,y, and finally the ideal Iy 0 defining the Zariski closed subset of M that
we remove in the definition of Cy.
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‘ Scenario ‘ Gu Me D Ty Cm VWY ‘
Affine polynomial Mg c™  (23) (24) TMiing
Projective rational function Meeg\V(g) P™1 (25) (2.6) Ing,, - (0)

Maximum Likelihood | log-likelihood function ~ Mueg\H — P"1 (2.8) (2.9) Inm,, - In

The singular locus of M is the vanishing set of the ideal
Irmyny = Im + ¢ X cminors of Ju(X) (2.10)

and Iy = (1 xp(x + - + 1))

2.2 The Critical Correspondence

In this section, we will prove that the algebraic degree of a model is finite under the following
assumption:

Assumption 2.2.1. The linear map u — Vg, (x) is surjective for all x € M, and open set
M°® is nonempty.

In particular, this ensures that for every x € M°, there exists some data u such that x
is critical for u.

Theorem 2.2.2. Suppose Assumption 2.2.1 holds. The correspondence Crq is an irreducible
variety of dimension dim(D). The projection m : Cypy — M onto the first factor is an
(affine or projective) vector bundle over M°. The projection 7y : Cpy — D is generically
finite-to-one. The cardinality of the fiber m, *(u) is the algebraic degree of (2.1).

Proof. For the maximum likelihood case, see [70, Theorem 1.6]. We prove the affine and
projective cases. For all z € M°, the fiber 7, !(x) of the first projection is an (affine)
linear space of dimension ¢ + m — n that varies smoothly with x. In the affine case, this
is true because z being smooth implies that the rowspan of J3,(x) is c-dimensional. For
the projective case, one needs Lemma 2.1.2 for this statement. Since M is irreducible, the
correspondence is as well and its dimension is (n — ¢) + (¢ +m — n) = m in the affine case
and (n —c—1) 4 (¢c4+m —n) =m — 1 in the projective case. Since the projection onto the
second factor is dominant, the fibers are generically finite. O]

We now describe the prime ideal of this critical correspondence.
Theorem 2.2.3. Under Assumption 2.2.1, the critical correspondence Cnq has prime ideal
Iey = (Im + ((c +@) x (e +14) minors of Ty(X))) : Iipme € Cla, ] (2.11)

where i € {1,2} is the number of rows added to form the augmented Jacobian J3,(X). This
ideal has dimension dim(D) in the affine case, and dim(D) + 1 otherwise.
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Before we prove this theorem, we state an important consequence. In practice, computing
the critical correspondence is difficult. However, computing the defining ideal of the variety
of critical points for fixed data u is much faster. We call this the critical ideal. This corollary
gives a method for computing the critical points of (2.1) using computer algebra. This is
reminiscent of |68, Algorithm 6].

Corollary 2.2.4. For generic data uw € D, the critical ideal of (2.1) is
Iy = (I + ((c +1) X (¢ + i) minors of Tiy(z))) : Igpme € Cla] (2.12)

under Assumption 2.2.1, where i is the number of additional rows in Jy,(X). This ideal is
zero-dimensional in the affine case, and one-dimensional otherwise. Its degree is equal to the
algebraic degree of (2.1).

Proof. The dimension claim follows Theorems 2.2.3 and from the fact that for a generic
point 4, the vector u — u forms a regular sequence in Clz, u]/I¢,,. Since the ring Clz, u]/I¢,,
is reduced, so is Clz,u]/(I¢c,, + (u — @) = C[z]/I}, by Bertini’s Theorem. Thus I}, is the
vanishing ideal of the fiber 7, (%) and therefore has degree equal to the algebraic degree of
(2.1) by Theorem 2.2.2. O

Proof of Theorem 2.2.5. For simplicity of notation, we work in the affine case where Iy p0 =
Irg,,» but the argument for the other cases is analogous. Write R = C[x]/Ix, for the coor-
dinate ring of M. Write J = ((c¢+1) x (c+ 1) minors of J3,(x)) for the ideal in R[u]. Since
Ca is irreducible, to show that I}, is prime, it suffices to prove that J : Ij‘jsmg is radical. To
do this, we pass to the localization S = R; Mang A8 the ideal defining the singular locus. We
prove that J - S[u| is radical, which implies that its preimage J : I, 0 Rlu] under the
localization map is also radical.

To do so, we apply Lemma 2.2.5. Since S is a domain, it is also reduced. The gradient
of the objective function is an affine linear function Vg,(z) = C' - v — a with C' € S™™ and
a € S™. By Assumption 2.2.1, C' is surjective when evaluated at € M,e,. The generators of
J are linear combinations of the entries of Vg, (z) where the coefficients are minors of Jp(x).
Hence there exists some matrix D such that J = (D-(C-u—a)) = (DC)-u— D -a). Since
C' is surjective, b = D - a is in the rowspan of L = DC'. For all smooth points in M, the
matrix L = D - C has rank c. Thus, writing M = S™/im(L) for the cokernel of the map L,
for all maximal ideals m C S, we have dim,(m) Mn/mM, = m — ¢ where x(m) = S, /m = C.
Therefore by Lemma 2.2.5, S[u]/J is reduced and hence (2.11) is radical and prime. O

Lemma 2.2.5. Suppose that S a reduced noetherian ring and that J = (L -u —b) C S[u| is
an ideal of S[u] with L : S™ — S™ and b € im(L). Write M for the cokernel of the map L.
If dimy,(m) M/ (mM) is constant for all mazimal ideals m C S, then Slu]/J is reduced.

Proof. We first consider the homogeneous case b = 0 and begin by proving that S[u]/J is
flat over S[u]. By [0, Exercise 7.16], M is flat over S. Since taking the symmetric algebra of
a module is a right exact functor [12, Proposition A2.2|, it preserves cokernels and hence the
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symmetric algebra of M is precisely S[u]/J. By Lazard’s Theorem, M is a filtered colimit
of free modules, and so by right exactness, S[u]/J is a filtered colimit of polynomial rings.
Since these are also free, S[u|/J is flat over S by another application of Lazard’s theorem.

We check reducedness of S[u]/J on maximal ideals. Since ¢ : S — S[u|/J is flat, the
localization Sy,-1(m)y — (S[u]/J)m is flat. Note that the fiber rings x(p) ®s S[y]/.J are reduced
for all primes p of Sy,. Since S is reduced, we may apply [95, Theorem 23.9], to obtain that
(S[u)/J)m is reduced. Since S[u]/J is reduced at every maximal ideal, it is reduced.

If b # 0, then there exists ug € S™ with L-ug = b. There is an isomorphism S{u]/(Lu—b) =
Slu]/{Lu) given by u + u + uy and hence S[u]/{Lu — b) is reduced as well. O

2.3 Algebraic Degrees of Generic Models

We now state the algebraic degrees of these problems when the model is generic, i.e., when
the coefficients of fi,..., f, are random. For this, we restrict to the projective and maximum
likelihood scenarios. There is currently no general formula for the affine case, although one
is given in the ED case in [37, Proposition 2.6].

For the projective case, we define the Lagrangian locus of any model M and data u,
inspired by [107]:

Ly = {r € Mg : rank(T3y(z)) < ¢+ 2}

The critical locus is £,\V (¢). We now show that £%, NV (q) does not depend on the data u.

Proposition 2.3.1. The set of isotropic points LY, NV (q) in the Lagrangian locus contains
the set of points at which M intersects V(q) nontransversely for all u. For generic data u,
every point in L%, NV (q) is a nontransverse intersection point.

Proof. If M and V(q) intersect nontransversely at x, then the matrix (;q((i:%)
M

girops
rank and hence x € L£%,. This proves the first claim. For the second claim, suppose that
x € L% NV (q). Then there exist p, o such that 1y Vh,(x) — p2Vg(z) is in the rowspan
of Jm(z). Then as in the proof of Lemma 2.1.2, we can use Euler’s relation to see that
prhy(z) = peq(z) = 0. For generic u, this implies i1 equals zero and so Vg(x) is in the
rowspan of Ju,. Thus the intersection at x is nontransverse. O

If the model M has a transverse intersection with V(g) in the projective case, then
the critical locus equals the Lagrangian locus. For generic data w, we write A%, for the
Lagrangian ideal:

Ay = Iy + ((c+ 2 x ¢+ 2) minors of Jyy(2)) : I3, - (2.13)

Note that we are not saturating with respect to ¢q. If M is a general complete intersection,
then it is smooth, and the prime ideal A%, = I}, can be computed without saturation.



CHAPTER 2. THE ALGEBRAIC DEGREE OF AN OPTIMIZATION PROBLEM 18

Because we have an explicit description of this ideal without saturation, we can compute
its degree using Bezout’s Theorem and the Giambelli-Thom-Porteous formula |51, Theorem
14.4].

Theorem 2.3.2. Suppose that f1,..., f. form a reqular sequence. The algebraic degree of
(2.1) is at most

(i) dy - dcz o+ 1)(e—1)°(dy —1)7 - - (d.— 1)’ in the projective scenario [107, 2.2.1],

dototje=rk-c—1
(i1) and dy ---d. - Z ' - d’ in the mazimum likelihood scenario [65, Theorem 5.
ditetge<n-c—1

Equality holds if M is a generic complete intersection.

Proof. The references given show equality when M is a generic complete intersection. To see
that the inequalities hold, we apply the argument in [113, Theorem 3.1|. Observe that M is
an irreducible component of the complete intersection V' (fi,..., f.) and hence its algebraic
degree must be less than or equal to the algebraic degree of V'(fi,..., fo). n

Corollary 2.3.3. Suppose M s an irreducible hypersurface of degree d. Then the algebraic
degree of (2.1) is at most

(i) d("_1)(6_1)n_"((66;16);_1(d_1)+(d_1)n if d # e and (?z((e —1)"2 if d = e in the projective

SCENario,

(i1) and ddnd_jl’l for d > 1 in the mazimum likelihood scenario.

If e =2, the bound in the projective scenario is d% for d > 2.

Example 2.3.4 (Circle). For the optimization problem in Example 2.1.3, the Lagrangian
ideal is generated 2% + y? — 2? and the determinant of the Jacobian (2.7). By Bezout’s
Theorem, this ideal has degree 6, which matches the bound given by Corollary 2.3.3(i). We
saw in Example 2.1.3 that the algebraic degree of the constrained eigenvalue problem on the
circle is 4. The remaining two points are the nontransverse intersection points [1: i: 0], [1: —
i: 0] of the circle V(2? 4+ y* — 2?) with the isotropic quadric V(22 + y* + 2?). o

In specific cases, there are other formulae for degrees of specific optimization problems, for
example, in terms of the polar classes of the model [37, 96]. We state here one such result that
is specific to the maximum likelihood degree. The maximum likelihood degree of a variety is
a topological quantity. The set M\H C (C*)" is a very affine variety, meaning that it is a
closed subvariety of the algebraic torus (C*)". The following theorem first appeared as [27,
Theorem 19| under stronger hypotheses.

Theorem 2.3.5 (|69, Theorem 1). If the very affine variety M\H is smooth of dimension
d, then the ML degree of M equals the signed Euler characteristic (—1)%x(M\H).
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Example 2.3.6 (Binomial Distribution). Corollary 2.3.3(ii) gives a bound of 6 on the ML
degree of the scaled rational quadric, but Theorem 2.3.5 allows us to compute the ML degree
exactly. The conic V(4zz — y?) has Euler characteristic 2. It intersects the hyperplane
arrangement H = V(zyz(z + y + z)) in 3 points, namely [0 : 0 : 1],[1: 0:0],[1:0: 1], so
the Euler characteristic of the very affine variety V (4zz — 4?)\'H is 2 — 3 = —1. This is the
negative of the ML degree. o

2.4 Parametrization

The varieties one encounters in applications often come with parametrizations. Let ¢
C® --+ M be a parametrization of M that is generically J-to-one. Then the constrained
optimization problem (2.1) can be replaced by the unconstrained optimization problem

mi?e/égax 9u(9(t))-

Almost all of the optimization problems we consider in this thesis will have parametric
analogs. We fix the following notation. Let Jy(t) denote the n x s Jacobian of the map ¢:

Vi (t)—
T(t) = : (2.14)
Von(t)—

We assume that the set {¢(t) : rank(7,(t)) = s} is Zariski dense in M.

In a slight abuse of notation, we write g, (t) for g,(¢(t)). The chain rule gives Vg, (t) =
To()T - V.9u(0(t)), where V,g,(4(t)) denotes vector whose entries are partial derivatives of
gy with respect to x1, ..., x, evaluated at ¢(t).

We will use the following result implicitly when we move between parametric and implicit
formulations of a problem.

Lemma 2.4.1. Let W C C® be an affine variety. Let ¢ : W --+» M be a dominant rational
map with base locus B, and let g be a regular function. Thent € Wieg\B and x = ¢(t) € Meq
are critical points of ¢ = go ¢ and g, respectively, if the differential doy : Ty(W) — Tp(M)
18 surjective.

Proof. The differential d¢; is, in coordinates, equal to the linear map given by the Jacobian
of ¢ restricted to T;(W). Suppose t € W,e,\B is a critical point of ¢’. This means that
Vi(g) € Ti(W)*, ie., Vi(g')-v =0 for all v € T,(W). Equivalently, V,(g) - J(t) -v =0 for
all v € T;(W). This implies that V,(g) is orthogonal to the subspace of the tangent space
T.(M) that is the image of T;(W) under the differential d¢;. Now, if d¢, is surjective, then
the gradient V,(g) must be in T,,(M)*, and hence x is a critical point of g.

For the converse, pick a critical point z = ¢(t) € Mg of g, i.e., z with V,(g) in T,,(M)*.
By the surjectivity of the differential d¢; the image of T;(W) under the differential is T,,(M),
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and since Vi(¢') - v = V,(g) - T4(t) - v =0 for all v € T,,(W), we conclude that ¢ is a critical
point of ¢'. O

If we restrict to the case W = C?, then the above result states that critical points
are preserved by ¢ when J,(t) has rank s. We therefore define the parametric critical
correspondence as

Pu={(t,u) € 71 (M°)\Vss x D : ¢(t) is critical for u} (2.15)
where V, ; = {t € C* : rank(J,(t)) < s}.

Theorem 2.4.2. The parametric critical correspondence Pry of M = im(¢) is an irre-
ducible variety of dimension dim(D). The first projection v, : Pypy — C® is an (affine or
projective) vector bundle over ¢~ (M°)\Vys. The second projection o : Py — D is gener-
ically finite-to-one. The size of the generic fiber v, ' (u) is § times the algebraic degree of the
optimization problem.

Proof. By Lemma 2.4.1 and the definitions of P, and Cy4, the following diagram commutes:

Pa ---= Cm
| ¢ |
C° -3 > M

This implies that the fibers 7;*(t) and m;*(¢(t)) are isomorphic. Thus, the vector bun-
dle property, irreducibility, and dimension all follow from Theorem 2.2.2. For the second
projection, we have the commutative diagram

P./\/l _?i<£d_> CM
& lﬂ'Q
D
Thus v, ' (4) = (¢ x Id)~' (7,1 (@)). The size of m, () is the algebraic degree of the opti-
mization problem, which we multiply by deg(¢ x Id) = 6 to find the size of 7, (). O
The parametric likelihood correspondence was studied in detail in [75]. We therefore

focus on the affine and projective scenarios. Our next goal will be to describe the ideals of
the parametric correspondence. It is not obvious how one writes down equations for Py
from the definition above. In particular, the regularity of a point cannot be detected from a
parametrization. In the projective case, we will make use of the 2 x (s + 1) matrix

h,  Ohu  Ohy . Ohy
u ot1 Oty Ots
9 og o4 (2.16)

q oty Oto T Ots

Indeed, it follows from the quotient rule that if ¢(¢) # 0, then Vg, = 0 precisely when (2.16)
has rank 1.
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Proposition 2.4.3. The parametric critical correspondence (2.15) is equal to

{(t,u) € C\(BUVys) x C™ : Vg,(t) = 0} in the affine scenario and
{(t,u) e C\(BUV, s UV(q)) x P! : rank(2.16) < 1} in the projective scenario. (2.17)

Proof. We will argue the projective case as the affine case follows from a similar argument.
Observe that we have the containment

P ={(t,u) € 071 ( Miyeg)\(Vss UV (q)) x Pm=1: ¢(t) is critical for u}
C{(t,u) € g7 (M)\(Vss UV (q)) x P=1: ¢(t) is critical for u}
={(t,u) € C\(BUVy,UV(q)) x Pm~1 : rank(2.16) < 1}.

Since Py is irreducible of dimension m — 1 it suffices to prove that (2.17) has the same
dimension. Indeed, (2.17) is also a vector bundle over U = C*\(BUV, UV (q)). For a given
t € U, consider the fiber 77" (u) of the projection. This is the set of u such that (2.16) has
rank 1. Note that its rank is at least 1 because ¢(t) # 0. By Euler’s relation and the chain
rule, we have

ou(t) G(t) - 2n)
(hu(t) Vha(t) = (Z2(s(t)) - Lo(6(t) | /: S ATy
a(t) Ln(t) o Py

Without loss of generality, we may assume that ¢; = 1 identically, since ¢(t) can be replaced
by ¢(t)/¢1(t). Since J,(t) has rank s, the matrix on the right hand side of the above equation
has rank s + 1. In particular, the set of preimages of the span of (q(t) Vq(t)) nder the
map (P(t) Ju(t)) fhas dimension n — s. Since the map u — Vyh,(4(t)) is su{gctive by
Assumption 2.2.1, pvery preimage of Sﬁt) Vq(t)) under (‘@f) j¢(t))'€m be written as
V.hy(¢(t)) for some'u. The fibers of u —t V,h,(¢(t)) have dinjension m —, so the dimension
of the projective linear space of u for which ¢ is critical is m>~n+n—s~1=m —s — 1.

This holds for all ¢ in the open set U, so the vector bundle property follows. Furthermore,
the dimension of (2.17) is m — 1, and thus it is equal to Pp,. ]

We can now give descriptions of the prime ideals of the parametric correspondences. Let
Iss = 1(Vss) € Clt].

Theorem 2.4.4. The prime ideal of Pa is (Vgu(t)) : (Iss-I5)>° C C[t,u] in the affine case
and (2 x 2 minors of (2.16)) : (14 - Ip- (q(t)))> C C[t,u] in the projective case.

Proof. One applies Proposition 2.4.3 along with the same argument as in the proof of The-
orem 2.2.3 to show that the ideal is prime. O

Corollary 2.4.5. The parametric critical ideals are given by fixing u to be a generic u € C™
in the ideals in Theorem 2.4.4. These ideals are zero-dimensional in the affine case and
one-dimensional otherwise. Their degrees are ¢ times the algebraic degree of (2.1).
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Example 2.4.6 (Cuspidal Cubic). The cuspidal cubic admits the parametrization ¢ —
(t2,3). Parametrically, our objective function is g,(t) = (t* — u)*> + (t* — v)?. The base
locus of the parametrization is empty, and the Jacobian (2t 3t2) rops rank only at ¢ = 0.
The parametric critical correspondence is a hypersurface in C x % and its prime ideal is
(2t(t* — u) + 3t3(t3 — v)) : t>°. Tts defining polynomial is 2t* — 2u™- 3t* — 3vt. For general
u, v, this polynomial is irreducible of degree 4, which matches the ED degree of 4 we found
in Example 2.1.1. o

We conclude with a formula for the number of critical points of a rational function. In
particular, this can be used to compute the algebraic degree of (2.1) in the scenario where M
is a projective variety, g, = h,/q is a rational function, and the finite-to-one parametrization
¢ is inhomogeneous and the polynomials have general coefficients.

Theorem 2.4.7. If h(ty,...,ts) and q(t1,...,ts) are general inhomogeneous polynomials of
degrees d and e, respectively, then the rational function g(t) = h(t)/q(t) has %

complex critical points if d # e, and it has (s + 1)(d — 1)® complex critical points if d = e.

Proof. The critical ideal is generated by the 2 x 2 minors of the matrix (2.16). For d # e,
the Giambelli-Thom-Porteous formula says that the degree of this ideal equals

s

Z(—l)” (Z) i (d ). (2.19)

k=0

Here hy, is the homogeneous symmetric function of degree k. This simplifies to W

When d = e, we need a correction because the matrix obtained from (2.16) by taking
the entries’ leading forms drops rank at some points on the hyperplane at infinity in P51
This follows from Euler’s relation, which states that (—d,t;,%,...,ts)T is in the kernel of
that matrix of homogeneous polynomials. We apply Giambelli-Thom-Porteous to the last s
columns of that matrix to see that the number of these solutions at infinity is s(d—1)*"'. We
subtract s(d—1)*"! from (2.19) evaluated at e = d. The result simplifies to (s+1)(d—1)%. O

Example 2.4.8 (Circle). The circle 2? + y? — 2 admits the parametrization ¢ — [t —
1: 2t: t>+1]. The base locus is empty, and the Jacobian (2t 2 Qt) as full rank for all t € C.
The objective function is given by h,(t) = (7{ 12t 24+ U\f-1 2t 2+ 1)T and
denominator (2 + 1)2. Since numerator and d¢nominator both have Hegree 4, Theorem 2.4.7
gives the bound of (2)(4—1)! = 6. The parametric critical correspondence of the constrained
eigenvalue problem is a hypersurface in C x P°. The determinant of the 2 x 2 matrix (2.16) is

(w1 + up3)t* — 2(upy + Urz — Ug)t® — 6t2u1o + 2(ury — Urz — Uga )t + Ugg — U3 ) (12 + 1)

After saturating by ¢ + 1, we are left with the degree four factor, which corresponds to the
algebraic degree we saw in Example 2.1.3. Note that the extraneous points i — [1: — i: 0]
and —i +— [1: i: 0] are precisely the isotropic points we saw in Example 2.3.4. o
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2.5 Numerical Computation

We conclude this chapter with a few words on the computations in this thesis. The results
presented in this chapter are most useful for symbolic computations with a computer algebra
system. While these symbolic computations are very important, one can go much further
with numerical computations. We begin with a brief overview of the numerical homotopy
continuation, and then explain how one can use Corollaries 2.2.4 and 2.4.5 for numerical
computations.

Our main computational tool is numerical homotopy continuation, see [119]. This is
a numerical method for finding all isolated solutions to a system of polynomial equations.
Concretely, let © = (x1,...,x,) be variables and uv = (uy,...,u,) be parameters, and
consider a family of polynomial systems

Flzsu) = (filzw), ..., fulz;w)) C;(C[x]”, with u € C™.

Choose two parameter values u,v € C™ such that\the target system is F'(x) = F(x;u), and
the start system G(x) = F(z;v) has easily computable solutions. The parameter homotopy

H(z,t) == F(z; (1 - t)hu+ m);(l t€10,1],

deforms G(z) at t = 1 to F(z) at t = 0. The parameter continuation theorem [15, 98]
guarantees that the number of regular isolated solutions in C" is constant along t € (0, 1].
Starting from solutions of G(z), we track solution paths from ¢ = 1 to ¢ = 0. If the start
system G(x) has at least as many regular isolated solutions as the target F'(z) and all solution
paths arrive at ¢t = 0, then we obtain all solutions of F'(xz). When G(z) has exactly as many
solutions as F'(x), the homotopy is called optimal.

Another numerical method for solving polynomial systems is monodromy, introduced in
[10]. Starting from a general parameter value @ and a set of known solutions to F(x;4) = 0,
one traces each solution along closed loops in the parameter space based at @ using parameter
homotopy. These loops induce permutations of the solution set, and running random loops
often uncovers previously unknown solutions. When the total number of solutions to a
general system in the family is known, monodromy has a stopping criterion. This is one
reason that it is helpful to know the algebraic degree of a problem a priori. Otherwise,
suitable heuristics may be applied. The monodromy method is powerful because it does
not require a start system, just a single start solution. Consequently, it may be used to
solve systems whose equations are not all polynomials. In particular, it can be used to
solve systems of rational functions. Both methods are implemented in the Julia [3| package
HomotopyContinuation.j1 [20].

We now discuss how to use Corollaries 2.2.4 and 2.4.5 to solve numerical systems in
HomotopyContinuation.jl. When one has a d-to-1 parametrization of the model M for
small ¢, it is often more computationally efficient to solve the problem parametrically. If The-
orem 2.4.2 applies, namely the incidence correspondence is irreducible, then monodromy is
typically the fastest method. For instance, one solves Example 2.1.4 with the following code:


https://HomotopyContinuation.jl
https://HomotopyContinuation.jl
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using HomotopyContinuation
@var t, ul[1:3]
gu = ul1l*log(t~2) + ul2]*log((1-t)~2) + ul3]*log(2*t*(1-t))
- sum(ul[1:3])*log(t~2 + (1-t)~2 + 2%t*(1-t))
F = System(differentiate(gu, [t]), parameters=u)
mon_res = monodromy_solve (F)

If one wants to solve the problem for specific data point data, one can then run

S = solve(F, solutions(mon_res); start_parameters=parameters(mon_res),
target_parameters=data)
solutions(S)

We have observed that in the case of optimizing a rational function numerically, this method
is superior to the determinantal description in Corollary 2.4.5.

We now consider the implicit case. Rather than using the determinantal equations in
Corollary 2.2.4, it is preferable to use Lagrange multipliers. To obtain a finite dimensional
solution set, one imposes r — ¢ linear equations on the Lagrange multipliers. In the affine

case, the system has n + r variables x1,...,2,, A,..., A, and n + 2r — ¢ equations:
V(g + >3 Aifi) =0,
M- \=w.

Here M is a random (r — ¢) x r matrix and v is a random length r vector. When M is a
complete intersection, then one does not need additional linear equations. One sets up the
system in Example 2.4.6 as follows, and solves as above:

using HomotopyContinuation
@var x[1:2], ul1:2], a
gu = sum((x - u)."2)

f = x[1]"3-x[2]"2
L = gu - axf
F = System(differentiate(L, [x;a]), parameters=u)

In this chapter, we introduced the algebraic degree of an optimization problem and
proved that it is finite for a large class of optimization problems. We did this via the critical
correspondence, which is the incidence variety of data and critical points. One can compute
this critical correspondence, as well the critical ideal, using the descriptions of prime ideals
we gave. We gave parametric analogs of the above for rational models, and concluded with
methods for solving these systems numerically. We made this concrete for three scenarios:
optimization of a polynomial on a affine variety, optimization of a degree 0 rational function
on a projective variety, and maximum likelihood estimation of a projective variety. We will
study each of these scenarios in detail in the following chapters.
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Chapter 3

The Grassmannian and Friends

Linear subspaces of dimension & in the vector space R"™ correspond to points in the Grass-
mannian Gr(k,n), which is a real manifold of dimension k(n — k). This manifold is also an
algebraic variety. This means that it can be described by polynomial equations in finitely
many variables. Such a description is useful for working with linear spaces in applica-
tions, such as optimization on manifolds in data science [50] and scattering amplitudes in
physics [129].

One way to represent a k-dimensional vector space in R™ is by choosing a basis. This basis
can be represented by a matrix A € R™** with linearly independent columns. In fact, using
Gram-Schmidt, we may choose them to be orthonormal. This brings us to our first “friend”
of the Grassmannian, namely the set of orthogonal k-frames, or the real Stiefel manifold
St(k,n)g = {Z € R™* . ZZT = 1d,}. However, the Stiefel manifold alone is not a good
model for the Grassmannian, as a given vector space has many choices of orthonormal bases.
The real orthogonal group O(k)g = {Z € R*™* . ZZT = 1d} acts transitively on these
bases. We therefore identify the Grassmannian with the quotient space St(k,n)r/O(k)g.

The previous discussion generalizes to flag manifolds. A flag manifold is determined by
natural numbers 0 < k; < --- < k, < n. Each point in the flag manifold represents a chain
of nested vectors subspaces of R™ whose dimensions are given by the vector k = (kq, ..., k,):

Fl(k;n) = Fl(ky, ... kyn) = {Wy CWo C--- C W, : W; CR", dim(W;) = k;, 1 <i < r}.

We observe that the partial flags 0 = Wy C Wy, € Wy C --- € W, C R™ with dim(W;) =
k; are in bijection with the sequence of subspaces (W, /Wy, Wo /W1, W3 /Wy, ... , W, /W,_1)
where W;/W,;_; is viewed as a subspace in R"/W;_; for i = 1,...,r. This gives a formula
for the dimension of Fl(k;n) = Fl(ky, ..., k.;n).

Proposition 3.0.1. The dimension of Fl(k;n) equals Y :f, (ki —ki—1)(n—k;). In particular,
the dimension of the complete flag variety F1(1,2,...,n+ 1;n) is n(n —1)/2.

Proof. The above bijection implies that there is a bijection from Fl(k;n) to the points in
Gr(n, ]{?1) X GI‘(I{JQ — ]{?1, n — ]{?1) X e X GI'(]CT — kr_l,n — kr—l)-
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Since the ith Grassmannian above has dimension (k; — k;_1)(n — k;) the formula follows. For
the complete flag variety, k; —k;_y = 1 for alli =1,... r, and again the formula follows. [J

To give Fl(k,n) a manifold structure, we associate to a flag W, ¢ Wy C --- C W, C
R™ with dim(W;) = k; an orthonormal k,-frame Z together with the orthogonal groups
O(k; — k;_1) acting on the columns Zy, ,.1,..., Zx, by right multiplication. In other words,

Fl(ki, ... kyin) =~ St(ky,n)z / (O(k)r x O(ks — ki)g % -+ x Ok, — ky_1)g)-

Equivalently, a flag manifold may be realized as the quotient of an orthogonal group. We
can associate to a flag W7 C Wy C --- C W, C V an orthogonal matrix ) whose first k;
columns comprise an orthonormal basis of W; for : = 1,...,r. The smaller orthogonal group
O(k; — k;—1) acts on the columns Q, ,+1,-..,Qk by right multiplication without altering
the flag. Therefore

Fl(ki, ... kin) ~ O(n)g / (O(k)g x O(ks — kg % -+ x O(n — ky)z).

In particular, the Grassmannian is realized as O(n)g/O(k)r X O(n — k)g.

The above initial introduction views Fl(k;n) and Gr(k,n) primarily as manifolds. As
algebraic varieties, they have different embeddings. We collect answers to fundamental
questions about these varieties, beginning with their dimensions. After the dimension, the
second most important invariant of an embedded variety is its degree. This is the number
of complex intersection points with a generic linear subspace of complementary dimension.
Finally, we give descriptions of defining equations. We remark that so far we have defined our
varieties over the real numbers R. This is because data is usually real, not complex. However,
to describe the algebraic properties of these varieties, we will study their complexifications.

Section 3.1 focuses on the Stiefel manifold and orthogonal group. In Section 3.2, we turn
to the Pliicker embedding of Grassmann and flag varieties. We introduce the projection
Grassmannian, a realization of the Grassmannian as an affine variety, in Section 3.3. In
Sections 3.4 and 3.5, we give two realizations of flag varieties as affine varieties that generalize
the projection Grassmannian. Finally, in Section 3.6, we explain how to move between
different realizations of Grassmann and flag varieties.

3.1 Stiefel Manifold and the Orthogonal Group

In applications, the Stiefel manifold is used as a model for the Grassmannian by representing
points by orthonormal bases.

Proposition 3.1.1 (Stiefel Manifold). The Stiefel manifold St(k,n) is the set of orthonormal
k-frames St(k,n) = {Z € Cv* : ZTZ =1d,}. For k < n, it is the SO(n)-orbit of the n x k
matriz (e1 - - - ex). In symbols, St(k,n) = {R-(e1---ex) : R € SO(n)}. In particular, St(k,n)
15 1rreducible when k < n.
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The Stiefel manifold St(k, n) is an affine algebraic variety in C*™*. The orthogonal group
St(n,n) = O(n) has two irreducible components, including the special orthogonal group
SO(n) = {R € St(n,n) : det(R) = 1}.

We now summarize the properties of St(k,n) as a variety. Some of the contents of the
following theorem are known, for example in [25, Lemma 2.4].

Theorem 3.1.2. The Stiefel manifold St(k,n) has dimension

st (1) - () ()

The Stiefel ideal Isy,ny = I(St(k,n)) = (Z*Z —1dy) is a radical complete intersection. The
variety St(k,n) is smooth. When k < n, then Isyxn) is prime.

Proof. For the dimension, we observe that FI1(1,2,...,kn) ~ St(k,n)/ []-, O(1), since
each orthonormal frame Z corresponds to a flag Wy C Wy C -+ C Wy, with dim(W;) =i up
to the sign of each column of Z. This gives a finite map from St(k,n) to F1(1,2,...,k;n) of
degree 2F. Hence, the dimension of St(k,n) is equal to the dimension of this flag manifold
which is (Z) — (”;k) nk — (k’;l) y Proposition 3.0.1. The affine variety defined by Is n)
is precisely St(k,n). \Since Isyxn) has (k;rl) éenera‘cors, it is a complete intersection.

The claim that Is(; ») is prime will follow |from irreducibility of St(k, n) (Proposition 3.1.1)
and radicality of Is¢(,n). To prove smoothness and radicality, we apply Lemma 3.1.3. There
is a transitive O(n) action on the closed points of the affine scheme defined by Igi(. It
therefore suffices to prove smoothness at a single closed point, namely (e; - -- ). We use

the Jacobian criterion |57, Lemma 6.27|. The Jacobian of Isn) is the kn x (k;rl) C\atrix

271 Zy Zz - Iy

27, 7 Zs o i
Tsukn)(2)" = 2% . & . & . \ (3.1)

27y A Zy - Zr-a

where Z; denotes the'ith column of Z for i = 1,..., k. The columns of Jsny((e1 - - ex)) T

have disjoint supports, and hence Jskn)((e1 - ex))? has rank (k;ﬂ)( O

Lemma 3.1.3. Let I C Clz] = Clzy,...,x,] be an ideal. Suppose thak an orthogonal group
O(m) or SO(m) acts transitively on the closed points of the scheme X = Spec(C|x]/I) C A".
If X has a single smooth closed point, then Spec(Clz|/I) is smooth and I is radical.

Proof. Every R € O(m) induces an isomorphism on X that sends smooth points to smooth
points. Since the action is transitive, every closed point must be smooth. Smooth schemes
are reduced [57, Theorem 6.28, Proposition B.77| and affine schemes are reduced if and only
if their defining ideals are radical [57, Proposition 3.27]. O

A combinatorial rule for the degree of the Stiefel manifold was derived by Brysiewicz and
Gesmundo [25]. We state a simplified version for small k.
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Theorem 3.1.4 ([25, Theorem 1.1]). If n > 2k — 1, then deg(St(k,n)) = 2("2").

The degree of the special orthogonal group was computed by Brandt, Bruce, Brysiewicz,
Krone and Robeva.

Theorem 3.1.5 (|18, Theorem 1.1]). The degree of SO(n) is

271 dot (( — 2 ‘,21)) |
n—2i 1, j<|n/2]

Both the Stiefel manifold and the orthogonal group can serve as models for the Grassman-
nian. Indeed, the Grassmannian may be realized as St(k,n)/O(k) or as O(n)/(O(k) x O(n —
k)). One disadvantage, computationally speaking, is that one has to work with equivalent
classes of matrices in either of these representations. In this next section, we explore two
realizations of Grassmannians which do not require a choice of basis or an equivalence class.

3.2 Plucker Coordinates

In classical algebraic geometry, Grassmannians and flag varieties are embedded in projective
space via the Pliicker embedding. We begin with the case of the Grassmannian. A k-
dimensional subspace W of R" is identified with an n x k matrix A of rank £ whose columns
form a basis of W. This identification is up to the action of the general linear group GL(k) =
{M € Ck** . det(M) # 0} by right multiplication to account for all possible bases of W.
Then we consider the map

Gr(k,n) — PG A det(Ar) ()

where A; is the k& x k submatrix of A whose rows are indexed by I. The image is an
irreducible projective variety of dimension k(n—k) defined by the quadratic Plicker relations

[52, Section 9.1] in the coordinates x; of P~ In similar fashion, we embed Fl(ky, ..., k.;n)

into ]P’<’“nl)71 X e X IP’(knr)_l. This time we consider the map

n

Fl(k;n) — [P(krz)*l X oeee X P(kr)—1’ A (det(Ah)he(E?])’ cee det(AIr)he(W)) (3.2)

where A is a n x k, matrix of rank k, and Ay, is the k; x k; submatrix of the first k; columns
of A with rows indexed by I;. The image is an irreducible projective variety of dimension
>oif (ki — ki—q)(n — k;), which is also defined by quadratic relations in the coordinates z;
Whére I is a subset of n of cardinality equal to one of ki, ko, ..., k.. The equations below
express the fact that W, C W, for every pair of subspaces in the flag whenever t < s.
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Theorem 3.2.1 (|52, Proposition 9.1.1]). The variety Fl(ki, ..., k;n) C Pl L x
P() = in Pliicker coordinates is defined by the prime ideal generated by the quadrics

for every pair of 1 <t < s <r and m € [t]. Héye, the sum is over all (i',j") obtained by
exchanging the first m of the j-subscripts with m of the i-subscripts while preserving their
order and giwen a permutation o on sy elements, x;, ;= sgn(o)xg(il),m’g(iks).

We now turn our focus to the Grassmannian. Every point in Gr(k,n) can be en-
coded by a skew-symmetric tensor X. The (" entries of X are denoted z;,, ;, Wwhere
1 < iy1,19,...,i < n. Using the sign flips comihg from skew-symmetry, we obtain linearly
independent coordinates x; where I = (iy,is,..\,4) satisfies iy < iy < -+- < ix. When
k = 2, then X is a skew-symmetric matrix, and Gr(2,n) is realized as the locus of rank 2
skew-symmetric matrices.

Proposition 3.2.2. The 4 x 4 Pfaffians of X, namely the polynomials
TijTem — TitTjm — TimTj forl<i<l<j<m<n

form a reduced Grébner basis for the prime ideal of Gr(2,n), for any monomial order that
selects the underlined leading term, e.g., the lexicographic order with weight(x;;) = j — i.

Proof. The proof is identical to that of |97, Theorem 5.8|. O

Example 3.2.3 (n =5,k = 2). We consider the span of a 5 x 2 matrix that has rank 2:

T
A — aj; a2 aiz aig Qais
Q21 G22 (23 A4 Qg5

This image is a point in the 6-dimensional manifold Gr(2,5). The embedding into P} is
given by the ten 2 x 2 minors z;; = aj;a2; — aijaz;. These satisfy the Pliicker equations

T12T34 — T13T24 + T14T23 = T12T35 — T13T25 + T15T23 = T12X45 — T14T25 + T15X24
= Z13%45 — T14T35 + L1534 = T23T45 — L24X35 + Ta5T34 = 0.

We note that these five quadrics are the 4 x 4 Pfaffians in the skew-symmetric 5 x 5 matrix

0 T2  X13 T4 T1s
12 0 T2z X4 Tas

X = 13 —I23 0 T34 I35 (33)
T14 —T24 —T34 0 T45
Ti5 —Tos —T35 —T4s 0

Hence, Gr(2, 5) is the projective variety in P§ whose points are the above matrices X of rank

2, up to scaling. The subspace represented by X is the row space (or column space) of X.
This embedding realizes Gr(2,5) as a 6-dimensional variety of degree 5 in P%. o
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Theorem 3.2.4 ([97, Theorem 5.12|). The degree of the Grassmannian Gr(k,n) in its
Pliicker embedding is the number of standard Young tableauz of rectangular shape k x (n—k).

These degrees are listed for small values of n and k in following table.

N 01 2 3 4 5 6 7 8§ 9 10 \
3 (1 1 1 1
4 1 1 2 1 1
5 |11 5 5 1 1
6 |1 1 14 42 14 1 1
7 (1 1 42 462 462 42 1 1
8 |1 1 132 6006 24024 6006 132 1 1
9 |1 1 420 87516 1662804 1662804 87516 429 11
10 |1 1 1430 1385670 140229804 701149020 140229804 1385670 1430 1 1

3.3 The Projection Grassmannian

A common approach in applications is to represent a linear subspace of R™ by the orthogonal
projection matrix onto it [30, 56, 76, 83, 87]. This realizes Gr(k,n) as an affine variety. Its

ambient space is the space R("S") of symmetric nxn matrices P. In that embedding, Gr(k, n)
is described by the quadratic equations P? = P and the linear equation trace(P) = k. Given
a full rank matrix A € R™*, the orthogonal projection onto its column span is given by

P = A(ATA) AT,

Note that the above works only for projections onto real vector spaces. An orthogonal
projection onto a complex vector space should instead be Hermitian. The next result gives a
set-theoretic description of a complexification of the projection Grassmannian, along with a
description of the projection Grassmannian as an orbit. While the real points of this variety
are identified with the real Grassmannian, the variety cannot be identified with the complex
Grassmannian. Write Fj for the diagonal matrix diag(1,...,1,0,...,0) with k ones.

Proposition 3.3.1 (Projection Grassmannian). The projection Grassmannian
pGr(k,n) = {P € Sym*C" : P* = P, trace(P) = k}
is an trreducible affine variety of dimension k(n—k). It is equal to an orthogonal group orbit:
pGr(k,n) = {R"E R : R € SO(n)}.

Proof. For the set-theoretic description, we observe that an orthogonal projection matrix P
onto a real k-dimensional vector space must satisfy P = P, P? = P, and rank(P) = k.
Since P? = P and P # 0,1d,,, the minimal polynomial of P is 2% — 2, so the eigenvalues of
P are in {0,1} and hence rank(P) = trace(P).
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The points P in the O(n) orbit satisfy the relations P?— P and trace(P) = k. Conversely,
every P € pGr(k,n) is diagonalizable to Ej, since its minimal polynomial is 2% — z. By |53,
Theorem XI.4], P can be orthogonally diagonalizable to Ej. Irreducibility follows from this
description. The dimension follows from the injectivity of the map

SO(n)/(SO(k) x SO(n — k)) — pGr(k,n), R+ R'ELR. O

With the aim of understanding the prime ideal of pGr(k,n), we now examine the affine

variety in R("3") that is defined by the entries of P? — P. Let I,, denote the ideal generated
by these (”'2“) quadratic polynomials in the (";1) ntries p;; of the symmetric matrix P. By
fixing the trace of P, we obtain the projection Grgssmannian. We now prove that the given
equations generate prime ideals in the polynomial Ying C[P] whose unknowns are the (";rl) <

entries of P = (p;;). In particular, I, + (trace(P) — k) is the ideal of pGr(k,n).

Theorem 3.3.2. The ideal I,, is radical, and I, = I, + (trace(P) — k) is prime for all k.
The projection Grassmannian pGr(k,n) is smooth.

Proof. The ideal I,, is generated by the following quadratic polynomials in the ring C[P]:

Jij = Dij —DPaP1j — PieP2j — ** — P1aPnj for 1 <i<j<n. (3.4)

n+1

Let X,, denote the subscheme of the affine space Spec(C[P]) = A<(c :
over, let X, ; denote the subscheme of X,, defined by the ideal I, .

By Proposition 3.3.1, the orthogonal group O(n) acts transitively on closed points of
Xk.n, namely pGr(k,n). Thus by Lemma 3.1.3, the scheme X, ; is smooth and I,, ;. is radical
if X, is smooth at the closed point Ej. Since X,, = U}_, X, x is the disjoint union of the
Xk, this will imply that X,, is also smooth and that I, is also radical. Finally, since X,
is irreducible by Proposition 3.3.1, we conclude that I, is a prime ideal in C[P].

All that remains to be shown is that the affine scheme X, ;, is smooth at the closed point
E). The scheme X, ; has dimension k(n—k) by Proposition 3.3.1. Hence, using the Jacobian
criterion, it suffices to show that the gradients V f;;, evaluated at the point £}, span a space

of dimension at least (’E;l) ( k(n — k).

) defined by I,,. More-

For all pairs 4,5 € {|l,..\,k} and i,j € {k+1,...,n}, we have

afij — 1 i,:i,j/:j,
iy p, else
n+1)

where the sign is positive if i,j < k and negative if k < 4,j. There are ("} k(n — k)
choices for such pairs {7,j} and the vectors V f;; have disjoint support and ate therefore
linearly independent. This shows that X, ; is smooth at Ej. O

Corollary 3.3.3. The radical ideal I, has n+1 minimal primes, one for each Grassmannian:

I, = ﬂ(lm (3.5)
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Proof. From the previous proof we have the following disjoint decomposition of varieties:

n

X, = V() = CJ e = V(]n,k)(

k=0

We apply the ideal operator on both sides. This turns the union into an intersection of ideals.
Since all ideals are radical, by Theorem 3.3.2, Hilbert’s Nullstellensatz implies (3.5). ]

The Grassmannian Gr(k,n) is isomorphic to the Grassmannian Gr(n —k,n). We can see
this isomorphism very nicely for the projection Grassmannians pGr(k,n) and pGr(n — k, n):

Remark 3.3.4. The linear involution P + Id,, — P fixes the radical ideal I,,, and it switches
the prime ideals I, , and I,, (,—x) that define pGr(k,n) and pGr(n — k,n).

There is one more linear coordinate change in matrix space which we wish to point out.

Remark 3.3.5. The projection Grassmannian pGr(k, n) is linearly isomorphic to the variety
of orthogonal symmetric matrices of trace 2k — n. Indeed, if we replace the matrix P with
Q = 2P —1d,, then the equation P? = P becomes )? = Id,,, so @Q is a symmetric matrix that
is orthogonal. Lai, Lim and Ye [33] proposed this embedding of pGr(k, n) into the orthogonal
group O(n) in order to improve numerical stability in Grassmannian optimization [37].

Lim and Ye derived a formula for the degree of the projection Grassmannian in terms of
Jack symmetric functions [33, Theorem 4.3]. We state here closed forms for k£ =0, 1,2, 3, 4.

Proposition 3.3.6. The projection Grassmannians pGr(k,n) and pGr(n — k,n) have the
same degree. For n > 3, we have

deg(pGr(0,n)) =1 deg(pGr(1,n)) = 2"+ deg(pGr(2,n)) = 2(2:__24> (

Forn > 5, we have
(8n — 25)(2n — 9)!!2%_6'

deg(pGr(3,n)) = (n—2)!

Forn > 7, we have

(32n* — 288n + 634)(2n — 13)!1(2n — )1,
(n—2)(n—4)!

n—6

deg(pGr(4,n)) =

Proof. The first sentence follows from Remark 3.3.4. The k£ = 0 case holds because pGr(0,n)
is just the zero matrix. Similarly, pGr(n,n) = {Id,}. For k = 1, we note that pGr(1,n) is
the (n — 1)-dimensional variety consisting of all symmetric rank 1 matrices of trace 1. This
is an affine-linear section of the quadratic Veronese variety v»(R™), so its degree is 2", The
remaining claims are the statements of Corollaries 4.4 and 4.5 in [38]. O
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These degree are listed for small values of n and k in following table. Rows 3-8 were

created with Macaulay? |

|. We used HomotopyContinuation.jl |

| for rows 9-10.

N 0 1 2 3 4 5 6 7 8 9 10
3 |1 4 4 1
4 |1 8 12 8 1
5 |1 16 40 40 16 1
6 |1 32 140 184 140 32 1
7 |1 64 504 992 992 504 64 1
8 |1 128 1848 5824 7056 5824 1848 128 1
9 |1 256 6864 36096 60864 60864 36096 6864 256 1
10 |1 512 25740 232320 587664 672288 587664 232320 25740 512 1

3.4 Projection Flag Variety

The projection flag variety embeds the flag variety as a tuple of projection matrices of
different ranks. The relations between these matrices encode the containment of subspaces.
Indeed, if P and P’ are projection matrices with rank(P) < rank(P’), then im(P) C im(P’)
precisely when PP = P. The following set-theoretic description may be found in [131,
Proposition 17|. As before, let k = (kq, ..., k).

Proposition 3.4.1 (Projection Flag Variety). The projection flag variety
pFl(k;n)={(P,..., P,) € (Sym®’C")": P,P; = Pj,trace(P;) = k; for 1 <j <i<r}. (3.6)
ki_1<n — k?z))

is an irreducible affine variety of dimension Y[ (k; — It is equal to an

orthogonal group orbit:
pFl(k;n) = {(R"Ey,R,--- ,R"E, R) : R € SO(n)}.

Proof. We begin by proving the second claim. It is not hard to verify that the tuples in the
orbit satisfy the relations in (3.6). We argue the reverse containment. Since each P, is a point
in the projection Grassmannian, it is diagonalizable to Ey,. Note that PP, = (P,P;)T =
PjT = P; and hence all pairs F;, P; commute and all P; are simultaneously diagonalizable. The
polar decomposition of the diagonalizing matrix can be used to simultaneously orthogonally
diagonalize the P; to the Ej,; see the proof of [53, Theorem XI.4|. The sign of the last column
of R can be flipped to ensure that the matrix is in SO(n). Since SO(n) is irreducible, the

irreducibility of pFl(k;n) follows. The dimension follows from the injectivity of the map

SO(n)/SO(ky) x --- x SO(n — k) — pFl(k;n)

O
R+ (R"EyR,--- ,R"E, R).

The equations in (3.6) define the projection flag variety set-theoretically. We now prove
that they generate the prime ideal I(pFl(k;n)). We note that in (3.6) it suffices to retain
the relations P? = P fori=1,...,rand PP, = P fori=2,...,r.


https://HomotopyContinuation.jl

CHAPTER 3. THE GRASSMANNIAN AND FRIENDS 34

Theorem 3.4.2. Let Fl(ky, ..., k.;n) be a flag variety and let Py, ..., P, be n X n symmetric
matrices of unknowns. Then pFl(k;n) is smooth and has prime ideal

(PiPy — Py -2 <i <7r)+(P? = P trace(P;) — ki : 1 <i <r) CC[Py,..., P].

Proof. By Proposition 3.4.1 and Lemma 3.1.3, it suffices to check that pFl(k;n) is smooth
at Ex = (E,,...,Ey,). The codimension of pFl(k;n) is N = >, (")

n(n — k;) +
Z: o ki—1(n—k;). We identify N linearly independent rows of the Jacobian e‘gluated at by.
Fixi e {1,...,r} and choose ¢,j € {1,...,k;}or £,j € {k;+1,...,n}. Then

a(P? — Py, {f i =il =10, =],

O(Lyr)e By else
where the sign is positive if ¢, j < k; and negative if k; < £, j. There are (";1) ki(n — k;)
choices for such pairs {/, j}.
Next fix i € {2,...,r},let j € {1,...,k_1},and let £ € {k; +1,...,n}. The
it =4,00 =15 =7,
OPPy— P 1)y ey , L
= 1 itd =i—-1,0 =107 =7,
a(_lji/)[/j/ By
0 else.

There are k;_1(n — k;) choices for pairs {, j}. Ranging over all choices of i yields N rows of
the Jacobian with disjoint supports. Thus the Jacobian has the desired rank. O

3.5 Isospectral Flag Variety

We now discuss the isospectral model which was first introduced by Lim and Ye [89]. This
model realizes the flag variety Fl(k;n) as the set of real symmetric matrices S with a fixed
spectrum ¢ = (¢; > -+ > ¢,) such that ¢y = -+ = ¢, ¢y 11 = - -+ = ¢y, ete. The isospectral
model contains a unique diagonal matrix Sy = diag(cy,...,¢,). The nested subspaces are
identified with the nested eigenspaces of 9, i.e., the smallest subspace of the flag is given by
the eigenspace of ci,, the next subspace is given by the union of the eigenspaces of ¢, and
Ck,- To recover the Grassmannian, one sets ¢; = -+ = ¢, = 1 and ¢4 = -+ = ¢, = 0.
The eigenvalues of a matrix can be recovered from its minimal polynomial. To find the
multiplicities, the trace is usually enough, unless the values of c are very special. We therefore
have the following equational description of the isospectral model for generic c.

Proposition 3.5.1 (Isospectral Model). The isospectral model

T n

Fl.(k;n) = {S € Sym*C" : H(S — c;ld,) = 0, trace(S) = Z(ﬁ (3.7)

J=1 J=1
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is an irreducible affine variety of dimension Y [ (ki — ki—1(n — k;)). It is the following
orthogonal group orbit:

Fl.(k;n) = {RTSyR \R € SO(n)}.

Proof. 1t is clear that all matrices in the SO(n)-orbit satisfy the conditions in (3.7). Con-
versely, every S € Fl.(k,n) has the correct eigenvalues and multiplicities by |89, Proposition
4.5] and is diagonalizable to Sy since it has a squarefree minimal polynomial. We again apply
[53, Theorem XI.4| to conclude that it is orthogonally diagonalizable to Sy. Irreducibility
follows from the description of the variety as an SO(n) orbit and the dimension follows from
the injectivity of the map

O(n)/SO(ky) x --- x SO(n — k,) — Fle(k,n), R~ RTSyR. O

Theorem 3.5.2. Let Fl(k;n) be a flag variety and let S be a symmetric matriz of unknowns.
Given a generic choice of ¢y, ..., ¢, satisfying cx41 = -+ = cp;,, for j=0,...,7, the variety
Fle(k;n) is smooth and its prime ideal is

T n

I(Fle(k;n)) = (H(S — c,1d,), trace(S) — Z(ﬂ C CI9).

Jj=1 J=1

Proof. Write X for the scheme defined by the proposed ideal I(Fl.(k;n)). By Proposi-
tion 3.5.1 and Lemma 3.1.3, it suffices to show that X is smooth at Sy. We use the Jacobian
criterion, so our task is to show that Jx(Sp) has rank at least n + (k:21) (r R (”_2]’“) The
rows and columns of Jx(Sy) are both indexed by entries (i,j) of the|matrix S. We will
show that the entry Jx(So), ), ;%) is nonzero precisely when i = ¢/, j = j', and ¢; = ¢;.
With the correct ordering of variables, Jx(Sp) is diagonal with diagonal entries of the form
Tx(50)(i5),G.,j)- 1t is then clear from counting that this matrix has the correct rank.

We prove off-diagonal entries of Jx(Sy) are 0. If {i, 7} N {#’, 5’} = 0, by the product rule

8(Sm)ij _ isla(sm_l)@ 8<Sm_1>ij

— —0
asi/j/ asi/j/

S=5So /=1 S=50

where the second equality comes from evaluating at S = Sy and the last equality is induction
on m. Since derivatives of all powers of X vanish, Jx (S0), ), = 01if {¢, 5} n{é,j'} = 0.
Next suppose i =i and j # j'. Again using the product rule,

O(S™),s n Sm 1 ) o(8§m—1 y

( )] Sm 1]]+Z$25 = ¢ ( )J -0
aSU/ S:SO asz] S:SO asl]/ S:SO

where the last equality is by induction on m. As above, we have jX(SO)(Z-J),(M/) = 0 for

j # 7'. This concludes the proof that Jx(Sp) is a diagonal matrix.
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Finally, we prove that the diagonal entries Jx(So)(,),,;) are nonzero if ¢; = ¢;. By
induction, we compute
a(S™)s4 o(S™ 1), = o ml_

- J )
sy S=So sy S=So  p=0

Therefore the entry Jx (S0)(i,j),6.5) = f'(c;) where f(2) = (2 —cx,) - - - (2 — ¢, ) is the minimal
polynomial of X. Since ¢; is a root of f and f has no double roots j < (So) # 0.
Since Jx(Sp) is diagonal with at least n+ () onzero entries, we conclude
d

that Jx(So) has rank at least n + CQ O

We believe that the degree of the gospectral el can be derlved from the representation
theory of the orthogonal group usmg the same methods that were used to find the degree
of the projection Grassmannian [33]. We present here degrees for the isospectral models
whose matrices have sizes 4 and 5. We index the degrees by the partitions A that give the
multiplicities of the eigenvalues c. Note that k; = Ay + -+ 4+ ;.

n=4 n=>5
A 41 311t 22 2112 14 5L 411t 32t 3112 2211 2113 15
Degrees 1 8 12 20 24 1 16 40 70 92 120 120

3.6 Moving Between Different Lives

This section is dedicated to understanding the relationships between the different lives of the
flag variety (and the Grassmannian) described above. The results are collected in Figure 3.1.

The most difficult relationship is the one between the projection and Pliicker coordinates
of the Grassmannian. Given a projection matrix P with rank(P) = k, one obtains the
Pliicker coordinates by taking maximal minors of any £ linearly independent rows of P. For
the other direction, we define the cocircuit matriz of x € Gr(k,n) as the k x ( 1):<natrix
X = (wik). The image of this matrix is the linear space represented by x. If|k = 2 and
n = 5 then the cocircuit matrix is the skew-symmetric n x n matrix X we saw in (3.3 This
generalizes to k = 2 and n > 6. For £ > 3, the cocircuit matrix has more columns than rows.

Example 3.6.1 (n = 6,k = 3). The Grassmannian Gr(3,6) has dimension 9. As a projective
variety it has degree 42 in P} and its ideal is generated by 35 quadrics in the 20 Pliicker
coordinates z;j;. The 15 cocircuits of the subspace are the columns of the cocircuit matrix

[ 0 0 0 0 123  T124 0 T146  T156 |
0 —mio3 —T124 —T125 —T126 O 0 o T246  T256
X — 23 0 —mi3g —mizs —x13¢ 0 —wazq -0 T346 T3s6
T124  T134 0 —xs —Tue 230 0 e 0 Z456
25 X135 X145 0  —x156 @235 @2a5 - —Xgse O
_<126 T136  T146  T156 0 T236  T246 - 0 0 ] (
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As an affine variety, the Grassmannian Gr(3, 6) lives in R?!. This embedded manifold consists
of all 6 x 6 symmetric matrices P with P? = P and trace(P) = 3. o

A version of the following result was first proved by Bloch and Karp; see [10, Lemma 4.11].

Theorem 3.6.2. The entries of the projection matrix P are ratios of quadratic forms in
Pliicker coordinates:

k

P=——+_"XX"

trace(X XT)
Proof. Our point of departure is the formula P = A(ATA)"'AT where A € R™*. By the
Cauchy-Binet formula,

det(A"A) = ) " £7.
I

If we multiply the inverse of AT A by this sum of squares then we obtain the adjoint of AT A.
This is a matrix whose entries are the (k — 1) x (k — 1) minors of AT A. We can identify the
adjoint with the (k — 1)st exterior power, using the isomorphism R¥ ~ A,_;R* that sends
the basis vector ¢; to the basis vector (—1)’61 A---Ne;_1Neir1 N+ - Neg. In symbols, we have

adj(ATA) = N1 (ATA) = N AT - Al A = (A1 AT A AL

This implies that the scaled projection matrix equals

> (%) P = Aadj(ATA)AT = (A A1 AT) - (A A AT)T. (3.8)

It remains to analyze the matrix A(A,_:4)7. This matrix has format n x (,",) And its rank
is k. We claim that its entry in row ¢ and column K is equal to z;x. Indeed, z;x is the
k x k minor of A with row indices iK. The (i, K) entry in the matrix product AAp_1A4)7 is
computed by multiplying the ith row of A with the Kth column of (Az_14)T. This is precisely
the Laplace expansion of the iK' minor of A with respect to ith column. This implies that

the entry of (3.8) in (,7) is equal to Z;(%K xjr. This completes the proof. O

We introduced two generalizations of the projection coordinates for flag varieties. We
illustrate the relationship between Pliicker coordinates and projection coordinates for the
flag variety with the following example.

Example 3.6.3. We show the different ways of representing the flag variety F1(1,2;3). In
Stiefel coordinates, this flag variety is realized as St(2,3)/0O(1) x O(1) via a 3 x 2 matrix

211 212
Z = |21 22
231 %32

with orthonormal columns. We identify such matrices up to the sign of each column.
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To obtain the Pliicker coordinates for the flag represented by Z, we take minors. This
yields six Pliicker coordinates that realize this complete flag variety in P? x P2:

T1 = 211, Tg = 291, T3 = 31,
T12 = 211222 — Z12%221, Z13 = 211432 — 212231, L23 = 221232 — 222231-

By Theorem 3.2.1 these coordinates satisfy a single relation x1x93 — xox13 + 23212 = 0.

To represent the flag in projection coordinates, let P; be the unique orthogonal projection
matrix onto the space spanned by the first column of Z and P, be the unique orthogonal
matrix onto the column space of Z:

<11
P= |2z (11 221 2’31) P,=2z7".
31
One checks that these matrices satisfy the relations
P} =P P} = P, PP =P
trace(P;) =1 trace(Py) = 2.

Finally, we can also represent this flag with a single matrix via isospectral coordinates. We
append a column to Z to form a 3 x 3 orthogonal matrix Z and fix the generic vector
c = (c1, ¢, c3). The isospectral coordinates for Z with respect to ¢ are given by the matrix

S = Z diag(cy, ¢z, ¢3) Z7

whose eigenvalues are ci, ¢o, c3 and whose eigenvectors are the columns of Z. This matrix
satisfies its minimal polynomial and has the correct trace:

(S — c11d3) (S — cold3) (S — ¢3ld3) =0 trace(S) = ¢; + co + ¢3. o

From this example, we see that it is not difficult to write the Pliicker, projection, and
isospectral coordinates once we have Stiefel coordinates for a flag. The following proposition
summarizes what is known about how to write different coordinates for the flag variety in
terms of other coordinates.

Proposition 3.6.4. The relationships between the lives of the flag variety Fl(ky, ks, ..., k.;n)
are captured in Figure 3.1. In the figure, Z is an n X k, matriz in St(k,,n), Zisannxn
orthogonal matriz whose first k, columns comprise Z, and Z; j denotes the submatriz of Z
with rows indexed by the set I and columns indexed by the set J. The variables x, .,
indicate Pliicker coordinates and X; denotes the cocircuit matriz for Gr(k;,n). The matriz
P, is a projection matriz in the tuple of (Py, ..., P,). Finally, S is an n X n symmetric matriz
with eigenvalues ¢ = (cq, ..., ¢y,).
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Plicker

P = etz XX Tiryein, = ACE(Ziy i 101 )
race(X; X,

Stiefel

. T
P = Zl---n,l-"ki len,l'-'ki

Projection [sospectral
S =cpIdy, + (e, — ) Pe, + -+ + (ck, — k) P

Figure 3.1: Diagram explaining how to move from one life of the flag variety to another. If
A — B in the diagram, the edge label explains how to write the B coordinates in terms of
the A coordinates. Two of the arrows are bidirectional, meaning that one direction comes
from matrix multiplication and the other comes from a matrix factorization.

Proof. The map from Stiefel to Pliicker coordinates is as in (3.2). The map from Pliicker to
projection coordinates for the Grassmannian in Theorem 3.6.2 extends to flag varieties.

To move from Stiefel coordinates to projection coordinates, one takes projection matrices
onto the spans of the appropriate submatrices of Z. To go the other way, one takes a spectral
decomposition of P, = ZE;, ZT where E; is the n x n matrix whose (1,1),...,(i,i) entries
are 1 and all other entries are zero. Set Z to be the first k, columns of Z.

The map from isospectral to Stiefel coordinates is similar: take the spectral decomposition
of § = Z diag(cy, ..., cn) ZT and remove the last n — k, columns from Z. Given Stiefel
coordinates Z, one forms Z by extending the columns of Z to an orthonormal basis for C".
The equivalence between these coordinates follows from the definitions of the Stiefel and
isospectral coordinates.

To move from projection coordinates to isospectral coordinates one composes the maps
passing through the Stiefel coordinates. Write the diagonal matrix

diag(cy, ..., cn) = ¢ ldy, + (ek, — ) Ex, + -+ + (ck, — Cry) B, -

Conjugating with the augmented Stiefel coordinates Z yields the expression for S in terms
of projection coordinates. O]

In this chapter, we gave dimension formulas for and described the prime ideals of the
Stiefel manifold, Grassmannians and flag varieties in the Pliicker embedding, the projection
Grassmannian, the projection flag variety, and the isospectral model. We collected results on
the degrees on these varieties and concluded by describing the maps between these different
embeddings. We will now turn our attention to optimization problems on these varieties.
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Grassmannians in Applications
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We now turn to polynomial optimization problems on the Grassmannian that arise in
applications. In Chapter 4, we consider problems from linear algebra and statistics that can
naturally be formulated as optimization problems on the Grassmannian. In particular, we
consider generalizations of the eigenvalue problem (Sections 4.1 and 4.2) as well as canonical
correlation analysis and correspondence analysis (Section 4.3). For each of these optimization
problems, we give complete descriptions of the complex critical points, all of which are real.

In Chapter 5, we consider a constrained version of the eigenvalue problem that arises
in quantum chemistry: the minimization of the Rayleigh quotient on a tensor train variety.
We prove that tensor train varieties are parametrized by a product of Grassmannians (The-
orem 5.4.3). We discuss the critical ideal and the discriminant of the optimization problem
in Sections 5.1 and 5.2, and we conclude with numerical experiments in Section 5.5.

In Chapter 6, we turn to Euclidean distance minimization inside the Grassmannian of
lines Gr(2,n). Our starting point is the map between the Pliicker embedding of the Grass-
mannian and the projection Grassmannian introduced in Section 3.6. We study the projec-
tive version of this map in Section 6.1. We introduce the Grassmann distance degree, the
algebraic degree of Euclidean distance minimization for a subvariety of the Grassmannian
when the data is also on the Grassmannian (Section 6.3). We explore this idea in detail for
subvarieties of Gr(2,4) (Section 6.4) and for Schubert varieties (Section 6.5).
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Chapter 4

Linear Algebra, Statistics, and
Optimization

We now turn to optimization problems from linear algebra and statistics that involve Grass-
mannians and flag varieties. Our starting point is the eigenvalue problem for symmetric
matrices. Let H be a real symmetric n X n matrix and consider the problem of minimizing
or maximizing the Rayleigh quotient:

) 2THz
min/max —
20 A4

. (4.1)

It is known that the optimal value for this eigenvalue problem is the minimum (resp. maxi-
mum) eigenvalue of H. A formulation which avoids the fraction in the objective function is
the quadratic optimization problem over S”~!, the unit sphere of dimension n — 1:

min/max z' Hz. (4.2)
ze8n—1
The optimal solution to the above eigenvalue problem (4.1) and (4.2) is a unit eigenvector
corresponding to the minimum /maximum eigenvalue. The critical points of this constrained
optimization problem are precisely the unit eigenvectors of H. The choice of sign for each
eigenvector gives us 2n critical points.

The eigenvalue problem has the following generalization to compute multiple eigenvectors
at once where we replace the vector z in (4.2) with an nx k matrix Z consisting of orthonormal
columns. We solve a quadratic optimization problem over the Stiefel manifold called the
multi-etgenvector problem:

min/max trace(Z? HZ). (4.3)
27T Z=1dy,
The critical points of this problem are the sets of orthogonal k-frames consisting of unit

eigenvectors of H, up to the action of the orthogonal group O(k) over the complex numbers;
this is the content of Theorem 4.1.2.
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Because the multi-eigenvector problem is O(k)-invariant, it is more naturally considered
over the Grassmannian; see Chapter 3. In Section 4.1, we will restate this problem over the
Grassmannian in projection coordinates (see Section 3.3), where it has (Z) ritical points
(Theorem 4.1.3). To formulate this problem over the flag variety, one can fise isospectral
coordinates (see Section 3.5). In the isospectral formulation, the set of critical points is a
disjoint union of products of smaller orthogonal groups (Theorem 4.1.5). In both Theo-
rems 4.1.3 and 4.1.5, we give explicit descriptions of the critical points.

In Section 4.2, we study the heterogeneous quadratics minimization problem, which is
used as a benchmark for testing numerical methods for Riemannian optimization [105]. Given
symmetric n X n matrices Hy, ..., Hy, we seek to find Z = (Z; - - - Zj) such that

k
min/max Z fiTHiZi.

2T7=1d;, =1

If Hy = --- = Hj, one recovers the multi-eigenvector problem (4.3). However, for a generic
choice of Hy,..., Hy, this problem is not an optimization problem over the Grassmannian,
but rather over the flag variety FI(1,...,k;n). We formulate the problem in projection
coordinates and observe that in this formulation the heterogeneous quadratics minimization
problem is a generic linear optimization problem over the flag variety. We use numerical
methods to compute the critical point counts for small values of k (Table 4.1). We also report
our observation based on our computational experiments that taking H, ..., Hy to be generic
diagonal matrices does not change the number of critical points. For n = 3 and k = 2, we
show that this number is 40 (Proposition 4.2.2). The code for these computations is available
at https://github.com/hannahfriedman/flag_optimization_algebraic_perspective.

In Section 4.3, we examine two problems from statistics [131]: canonical correlation
analysis and correspondence analysis. In these problems, we consider a rectangular matrix
H instead of a symmetric matrix and the critical points of the problems are given by the
singular value decomposition of H. In the first case, we give a formula for the finite number
of critical points which correspond to pairs of left and right singular vectors of H (Theorem
4.3.1). The second problem can be naturally formulated over a product of Grassmannians,
and we give a complete description of the critical points in this case as well (Theorem 4.3.2).

4.1 The Multi-Eigenvector Problem

In this section, we give three different formulations of the multi-eigenvector problem (4.3).
The first two are formulated as optimization problems over a Grassmannian in Stiefel and
projection coordinates. The third one utilizes a flag variety in its isospectral formulation. In
all three cases we describe the sets of critical points of these optimization problems, where
in the Stiefel case we describe the O(k)-orbit of the critical points in St(k,n).


https://github.com/hannahfriedman/flag_optimization_algebraic_perspective
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Critical points in Stiefel coordinates

The goal of this section is to prove Theorem 4.1.2 which characterizes the critical points of
the multi-eigenvector problem in Stiefel coordinates. We first prove the following lemma.

Lemma 4.1.1. Suppose H € C™"*" s orthogonally diagonalizable and has full rank. Let Z €
St(k,n). If M € C*** s such that HZ = ZM, then M is also orthogonally diagonalizable.

Proof. Let H = UAUT be a factorization of H with A diagonal and U € O(n). Then AZ =
UNUTZ = ZM and rearranging we have M = (ZTU)A(UTZ) where (ZTU)(UTZ) = 1d.
This factorization implies that for every diagonal entry \; of A, M(ZTU); = \;(Z*U);. Since
M has at most k eigenvalues and the \; are nonzero, n — k of the columns of ZTU are forced
to be zero. This yields an orthogonal diagonalization for M. O

Theorem 4.1.2. Let H be a generic real symmetric n X n matriz and let Z be an n X k
variable matriz. The set of complex critical points of the multi-eigenvector problem (4.3) is

where uq, ..., u, is an orthonormal eigenbasis of H. This algebraic set is a disjoint union of
() Eam’eties isomorphic to O(k); it has dimension dim(O(k)) = (k) and degree deg(O(k)) (7).

k 2

he degree of the orthogonal group O(k) is stated in Theorem 3.1.5. Notice in particular(
that the critical point set is positive dimensional. This is because the problem does not
satisfy Assumption 2.2.1. The gradient of the objective function is the row vector

Vtrace(Z'HZ)=2(zTH ZIJH --- Z[H)

with nk entries where Z; denotes the ith column of Z. For a fixed Z € St(k, n) and any H €
Sym*C", the relation (Z7 H)Z, = (ZI' H)Z;, must hold. Since Z is fixed, this is a nontrivial
linear condition on the entries of Vtrace(Z? HZ), and hence the map H ~ Vtrace(ZTHZ)
is not surjective onto C"*,

Proof of Theorem 4.1.2. The Jacobian of the polynomials defined by Z7'Z = 1d,, is jSt(km)(Z)
as in (3.1). A critical point is a vector Z satisfying Z7Z = Id;, where Vtrace(ZTHZ) is in
the row span of Jsixn)(Z). In particular, there exist p; € C, 1 <i,j < k with p;; = pj;
such that HZ; = Z?Zl i Z;. These pi;; can be assembled into a & x k symmetric matrix M
satisfying HZ = ZM. So Z is a critical point if and only if it satisfies Z7Z = Id;, and there
exists a symmetric matrix M € Sym*CF such that HZ = ZM.

If such a matrix M exists, then by Lemma 4.1.1, it is orthogonally diagonalizable. There-
fore we replace the condition HZ = ZM with the condition HZ = ZQTAQ, where Q € O(k)
and A is diagonal. Thus Z is a critical point if and only if it satisfies Z7Z = Id; and
HZQT = ZQTA. These conditions hold precisely when the columns of ZQ7 are a subset of
an orthonormal eigenbasis for H, which proves that Z has the desired form. n
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Critical points in projection coordinates

In Stiefel coordinates, we work with an orbit of critical points in St(k,n) which corresponds
to a k-dimensional subspace spanned by k eigenvectors of H. It is desirable to formulate the
multi-eigenvector problem so that it has finitely many critical points, because equivalence
classes are difficult to compute with. We therefore transform the multi-eigenvector problem
into projection coordinates for the Grassmannian as in Section 3.6. If Z is n x k£ and
Z17Z =1d;, then P = ZZT projects onto the column space of Z. Then using the trace trick,
we have trace(ZT HZ) = trace(H P) and we can reformulate our problem as

min/max trace(H P). (4.4)

P2_

trace(P)=k

Theorem 4.1.3. The degree of the multi-eigenvector problem (4.4) over the projection Grass-
mannian pGr(k,n) is (Z) The critical points are the k-dimensional subspaces spanned by k
eigenvectors of H.

Proof. Consider the parametrization ¢ from the Stiefel variety St(k,n) to the projection
Grassmannian which sends Z +— ZZ7. We apply Lemma 2.4.1 to prove that the critical
points are preserved by this map. By Theorems 3.1.2 and 3.3.2 and Proposition 3.6.4, this
is a surjective morphism between the two smooth varieties where an entire orbit in Theorem
4.1.2 is sent to a single projection matrix. Now we prove that the differential d¢  is surjective.
Since O(n) acts transitively on St(k,n), we consider the tangent space T, ...c,)(St(k,n)). We
note that the columns of Jsyxn)(Z) as in (3.1) are indexed by z;; for i« = 1,...,n and
j=1,..., k. We see that the standard unit vectors ¢;; fori =k +1,...,nand j =1,...,k
are in the kernel of Jsywn)((€1---€x)). We next compute the Jacobian of ¢. For this, we
order the kn columns of J4(Z) by the entries of the rows of Z. It will be more convenient
to look at blocks of entries in each row corresponding to the rows of Z which we denote
by Zi,...,Z,. The rows of Js(Z) correspond to the (";1) téntries of the symmetric matrix
ZZT. We order the rows by first the diagonal entries of tlhis matrix, then the first super
diagonal, followed by the second super diagonal, etc. Then Yhe submatrix consisting of the
first n rows of J(Z) is diag(2Z21, . ..,27Z,). The next n — 1 rows will be of the form

(0---0Zi41 Z;0---0)
fori=1,...,n—1 where Z; appears at block i + 1. The following n — 2 rows are of the form
(0---0Zi420Z;0---0)

fori=1,...,n—2 where Z; appears at block i + 2, etc. The last row will be (Zn 0---0 Zl).
Evaluating this Jacobian at (e; - --ex) produces k(n — k) distinct standard unit vectors of
C*" in the last k(n — k) columns indexed by the entries of ZkH, ..., Z,. Hence, multiplying
Js(Z) with the vectors e;; for i = k+1,...,n and j = 1,...,k that are tangent vectors to
St(k,n) at Z gives k(n — k) linearly independent vectors in the tangent space to pGr(k,n)
at ZZT. Since the dimension of this smooth Grassmannian is k(n — k), we conclude that
d¢y is surjective. We finish the proof by applying Lemma 2.4.1. m
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The trace of the objective function is a generic linear function in the entries of H:

trace(HP) = Z h“p“ +2 Z (ijpz‘jﬂ
i i<j
Thus solving the multi-eigenvector problem on the projection Grassmannian is equivalent to
solving a generic linear optimization problem on the same variety. The number of critical
points of optimizing a generic linear form on a variety is called the linear optimization degree
(LO degree) of the variety [96].

Corollary 4.1.4. The LO degree of pGr(k,n) is (7).

Critical points in isospectral coordinates

We now present the most general formulation of the multi-eigenvector problem. While
the Stiefel and projection formulations are optimization problems over the Grassmannian,
writing this problem in isospectral coordinates allows us to generalize to an optimization
problem over a flag variety Fl(k;n) = Fl(ky,...,k.;n). We proceed as in Section 3.5. We
fix c1,...,cp, € Cwitheg = -+ = ¢y, Clyr1 = -+ = Chyy -vy Chpp1 = -+ = Cp. We let
So = diag(cy,...,c,). With this, we introduce the following linear optimization problem
over the isospectral model Fl.(k;n):

min/max trace(H.S). (4.5)
S€Fle(k;n)

If the ¢; are distinct, then the optimization problem is over the complete flag variety and,
as we will see, it has n! critical points. On the other hand, if ¢ = -+ = ¢, = 1 and
Cpy1 =+ =, =0, then S = QS,Q7 is a point in pGr(k, n) and we recover the optimization
problem (4.4). The following theorem interpolates between these extreme cases.

Theorem 4.1.5. The linear optimization problem (4.5) over the isospectral flag variety
Fle(k;n) has ( " ) Critical points.

ki1,ke—k1,....,n—kr

We first prove the followigg which is an analog of Theorem 4.1.2. Let &,, denote the
symmetric group on n elements.

Theorem 4.1.6. Let H be a generic real symmetric n x n matriz and Sy = diag(cy, ..., cp)
with ¢y, = -+ = ¢, for 7 =0,...,7 where kg = 0 and k.1 = n. The algebraic set of
complex critical points of the optimization problem

min/max trace(HQS,Q")
QTQ=1d,
15 equal to

|_|< {U@-R): R€EO(ki) x O(ks — k1) X -+ x O(n—k,)}  (4.6)

UEGn/(6k1X6k2 "XGn—kr)

e
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where U = (uj ug -+ uy) for uy, ..., u, an orthonormal eigenbasis of H and o acts by per-
muting the rows of R. This algebraic set is a disjoint union of (k1 kg—k?...n—kr) varieties
isomorphic to O(ky) X O(ky — k1) X --- x O(n — k).

Proof. Similar to the proof of Theorem 4.1.2, a matrix ¢ € O(n) is a critical point of
the problem if and only if there exists a symmetric matrix M such that HQSy, = QM.
The condition that QTHQS, is symmetric is equivalent to requiring that QT HQ and S
commute, which occurs precisely when QT HQ is a block diagonal matrix with blocks of size
ki,ke —ki,...,n— k.. If Q is in the disjoint union (4.6), then

QTHQ = (R" - oY YU'HU(o - R) = R"AR

where A is the diagonal matrix with eigenvalues of H on the diagonal. Since A is diagonal
and R has the desired block structure, the points in the disjoint union are critical points.
Conversely, suppose Q7 H(Q has the desired block structure. Since H is diagonalizable,
every block of QTH( is diagonalizable. Assembling these blocks gives a diagonalization
QTHQ = RART where R € O(k;) x O(ky — k1) X --- x O(n — k,), up to a permutation of
the rows of R. But then H = QRARTQT, which implies that Q = URT, as desired. O

Proof of Theorem 4.1.5. The parametrization SO(n) — Fl.(k;n) can naturally be extended
to ¢: O(n) — Fle(k;n). The fiber of a point in Fl.(k;n) is isomorphic to a copy of O(k;) x
-+-xO0(n—k,). Once we prove that the parametrization takes critical points to critical points,
we will be finished as in the proof of Theorem 4.1.3. Indeed, we may apply Lemma 2.4.1,
since the parametrization is surjective and Fl.(k;n) is smooth by Theorem 3.5.2.

Since there is a transitive O(n)-action on O(n), it suffices to compute the dimension of
the image of the Jacobian evaluated at the tangent space of the identity matrix Id,. For all
1 <i<j<nwehave e; — ej; € Tia,(O(n)). These (}) Qectors are linearly independent.

We now compute J,(Id,). This matrix has rows of|the form 2¢;e]; for all i = 1,...,n
and of the form ¢;ef; 4 ¢;ef; for 1 <4 < j < n. Therefore J4(Id,,) - (e;; — €;;) is zero when

¢; = ¢; and otherwise has one nonzero entry. Since the nonzero entry has a different index
for distinct pairs i, j, this process produces dim(Fl.(k;n)) linearly independent vectors. [

k1,ka—k1,....,n—ky

Corollary 4.1.7. The LO degree of the isospectral model Flo(k;n) is ( " )“(
over

We conclude with the observation that the degree of the multi-eigenvector proble
the isospectral flag variety is equal to its ED degree. Indeed, the Euclidean distance in the
Frobenius norm is

[|H — S||* = trace((H — S)?) = trace(H?) — 2trace(HS) + trace(S)*.

Since both trace(H?) and trace(S?) = trace(S3) are fixed, minimizing the Euclidean distance
is equivalent to maximizing the trace of HS.

Proposition 4.1.8 (Proposition 3.1, [32]|). The Euclidean distance degree of the isospectral
model Fle(k;n) is ( "

E1,ko—k1,..on—kp/) "
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4.2 Heterogeneous Quadratics Minimization Problem

The heterogeneous quadratics minimization problem generalizes the multi-eigenvector prob-
lem considered in the previous section. Its most natural formulation is in Stiefel coordinates:

k
min 6? H,Z, (4.7)
=1

ZT 7=1d,, 4
KA

where H; € Sym?R” and Z; denotes the ith column of Z for i = 1,...,k. The multi-
eigenvector problem is recovered by choosing H; = H of all i =1,... k.
In Stiefel coordinates, the critical points can be computed using

k
v ZZinZi)%Q(flTHI ZTH, - Z,Z“Hk)<

i=1

and Jsi(k,n)(Z) as in (3.1). A more convenient system of equations whose solutions are the

same critical points is the following (see [105, Lemma 1|):
(1(4@121 HyZy --+ HyZy) ZT—Z(fClZ1 HyZy -+ HpZy)' =0 and Z7Z =1dy.
The ‘optimization problem is invariant\under the action of O(1)*: if (Z;Zy --- Zy) is a

critical point, so is (+7; + Zy -+ + Z;). Computing the number of complex critical
points of (4.7) is a challenging open problem. Our numerical computations, produced with

HomotopyContinuation. j1 [20], are summarized in Table 4.1.
T2 03 4 5 6 7 8 9
2 8§ 40 112 240 440 728 1120 1632
3 80 960 5536 21440 64624
4 1920 57216

Table 4.1: Degrees of the heterogeneous quadratics minimization problem for small &, n.

Conjecture 4.2.1. The number of critical points of the heterogeneous quadratics minimiza-
tion problem for k = 2 is 2(2;) (

Diagonal case

Our computational experiments indicate that the number of critical points of the heteroge-
neous quadratics minimization problem stays stable if we take the input matrices Hy, ..., Hy
to be generic diagonal matrices. While we do not have a general proof for this observation,
we present a result addressing the first nontrivial case.


https://HomotopyContinuation.jl
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Proposition 4.2.2. Let Hy = diag(ai1, aia,a13) and Hy = diag(asi, ass, aszz) be generic
diagonal matrices. Then the algebraic degree of the corresponding heterogeneous quadratics
minimization problem (4.7) is 40.

Proof. We will explicitly describe these 40 critical points. The critical points are defined by
the Lagrange multiplier equations

H\Zy = quZi + qi2Zs, HoZo = qiaZy + qaaZs, ZlTZl =1, Z;‘FZ2 =0, Z;[Z2 =1

where q¢q1, q12, @22 are Lagrange multipliers. This is a square system with 9 variables and 9
equations. We obtain 2% - 3 - 2 = 24 solutions by taking 7} = +e;, Z5 = +e;, ¢f;, = au,
¢, =0, and ¢3, = ay; for all © # j. By computing a Grébner basis of the ideal given by the
above equations over the rational function field Q(ay;, as; : j = 1,2,3) we see that this ideal
is zero dimensional and has 40 solutions. The remaining 16 solutions come from flipping the
signs of rows and columns of the Z* whose rows we list below:

(Z*T) \/a12 — Q13 + Q23 — Q22 (\/7Z 12 — 1 (a21 — Q2 (CL21 - a23)>

3 2
« Cl22 - aza) a11 — alz) a1 — CL13)

)
(

(Z*T) V@11 — Q13 + Gg3 — A (\/7Z a;n —ay z(am - G23)>
(

(Cl21 — Q23)(A12 — A11) Q12 — a13)

)
)
(

)(a22 — Q21
(CL23 - azl) Q23 — a22)>

a13 — all)(aw - @12)

Here a = aji1a99 — aj1a93 + a12a23 — a12a21 + a1yas; — ajzase. The corresponding Lagrange
multipliers are

(Z*T) Vai — aig + ax — a ( (an —ay

2
o 21 — Cl22)

1
1 = a( — anaia(ag — az) + anaiz(as — azs) — apaiz(az — Cl23)) (
giz = —V/{ (an — az)(an — ais)(arz — ar3)(aa1 — az)(az — az;)(as - az)

1
I3 = a(azlam(an — a12) — G a93(a11 — a13) + aa3(as — G13))-(

O

These computations were performed in Oscar.j1 [102].

The above discussion implies that critical ideal in the sense of Corollary 2.2.4 is not
prime. For generic data, it has twenty five primary components: twenty four of degree 1 and
one of degree 16. The results on primeness fail because the map (Hy, Hy) — (H1Z1, HoZ5)

is not surjective onto C°® for every Z € St(2,3), e.g., Z; = (1 0 O)T and Z, = (0 1 O)T.


https://Oscar.jl

CHAPTER 4. LINEAR ALGEBRA, STATISTICS, AND OPTIMIZATION 50

Projection coordinates

We now formulate the heterogeneous quadratics minimization problem as an optimization
problem over a flag variety in projection coordinates. We rewrite the objective function as

n n k
> Z'HZ =) frace(Z] H;Z;) =) {race(G;P,)
i=1 i=1 i=1
where P, = 3" Z;Z7 fori=1,... kand G; = H;—H;y fori=1,... . k—1and G}, = H;.
Over pFI1(1,2,..., k;n) we can reformulate our problem as follows:
k
minimize Z race(G; P;) (4.8)
i=1

subject to P,P; = P;, trace(P;) =ifor 1 <j <i<k.

Proposition 4.2.3. If the heterogeneous quadratics minimization problem (4.8) has m crit-
ical points, then (4.7) has 28m critical points in St(k,n). Both problems have finite algebraic
degree.

Proof. The map from the Stiefel formulation of the flag variety F1(1,2, ..., k;n) to the pro-
jection formulation pFI(1,2,... k;n) given by Z +— (Pi,..., P;) where P, = 23:1 ZjZJT is
2% to 1 since (£Z; 4+ Zy -+ £ Z;) map to the same point. We proceed as in the proof
of Theorem 4.1.3. A basis for the tangent space of St(k,n) at Z = (e;---ey) consists of
k(n — k) standard unit vectors e;; for i = k+1,...,n and j = 1,...,k, and the vectors
eij — e;; for 1 <4 < j < k. The Jacobian of the above 2%_to-1 parametrization map consists
of a stack of k£ Jacobians where each individual Jacobian is the Jacobian of the parametriza-
tion map from St(j,n) for j = 1,...,k as we computed in the proof of Theorem 4.1.3. A
careful computation shows that the images of these k(n — k) + (g) éectors under the Jaco-
bian of the parametrization map stay linearly independent. Hence, this image has dimension
dim(pF1(1,2,...,k;n)). Therefore, the differential of the parametriztion map is surjective.
Lemma 2.4.1 implies that the critical points on St(k,n) are mapped to the critical points on
pFI(1,2,... k;n).

To see that the algebraic degree is finite, we observe that the gradient vector of the
objective function consists of the entries in the data matrices, and hence the map in As-
sumption 2.2.1 is surjective. Finiteness then follows from Theorem 2.2.2. O

Corollary 4.2.4. The degree of the heterogeneous quadratics minimization problem over the
flag variety pF1(1,2,... k;n) is equal to the LO degree of pF1(1,2,...,k;n).

4.3 Two Problems from Statistics

In this section, we discuss two optimization problems from statistics which involve flags,
namely canonical correlation analysis and correspondence analysis. Our goal is to describe
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and count the number of complex critical points of these optimization problems. The for-
mulations are taken from [131, Section 1.2].

Canonical correlation analysis

Canonical correlation analysis is a statistical technique for detecting common features in a
pair of data sets [94]. The problem is formulated as follows. Let X € R"*? and Y € R"*? be
data matrices normalized to have sample mean 0. Here n > p, ¢ is the common sample size.
Let Sx = XTX and Sy = YTY denote the sample covariance matrices, and let Sxy = X7Y
denote the sample cross-covariance. The kth pair (ay, by) € R? x R? of canonical correlation
loadings is defined inductively

(ar, by) = argmax{a’ Sxyb: a’ Sxa = b" Syb =1,
aTSXaj = CLTSXybj == bTSYXaj == bTSybj == O, j = 1, [SPEPI k — 1}
We perform a standard simplification via the Cholesky factorization Sx = PTP and Sy =

QT Q where P € RP*? and Q € R9*? are upper triangular. We substitute H = P~ SxyQ ™!,
u = Pa, and v = Qb to obtain the simpler problem

T

(u, vy) = argmax{u’ Hv: u'u = v"v = 1,
uuj = u"Ho; = v " H uj = vlv; =0, j=1,...,k—1}.
If we collect uq, ..., u and vy, ..., v into the px k matrix U and ¢ x k matrix V', respectively,

then (U, V) represents a pair of flags in FI1(1,2,...,k;p) x FI(1,2,...,k;q) [131].
We say the pair (U, V) € CP** x C?** is a critical point of the canonical correlation

problem if for all i = 1,. .., k, the pair (u;,v;) is a critical point of the optimization problem
maximize u’ Hv (4.9)
subject to ulu =vlv =1
uTuj:uTHszo, g=1...,1—1
'UTHTuj:vij =0,7=1,...,1—1

There are two quadric constraints, and 4(i — 1) linear constraints on v and v. The critical
points are given by the singular value decomposition of H [31].

Theorem 4.3.1. The critical points of the canonical correlation analysis problem are the
pairs (U, V) € CP*F x C** where the columns of U are the left singular unit vectors of H,
the columns of V' are the right singular unit vectors of H, and corresponding columns have
the same singular value. There are (min,gp’Q))k!2k critical points.

Proof. The count follows from the description of the critical points: choose k unit left and
right singular vectors of H, permute the corresponding vectors simultaneously, and flip signs
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as desired. We will prove by induction that for each ¢, there exist \;, n; such that Hv; = \u;
and HTu; = n;v; if and only if the pair (u;, v;) is a critical point of (4.9).

We proceed by induction on 7. When ¢ = 1, the optimization problem simplifies to
max,r,_,7v—1 V. Hu. By computing the transpose of the Jacobian, we find that the critical
points of this problem are characterized by the leftmost column of the matrix

Hv uw 0
HTuw 0 v

being in the span of the rest of the columns. Therefore (u,v) is a critical point if and only
if there exist \;,n; such that Hv = \ju and H u = nv.

Suppose now that for j = 1,...,i — 1, we have that Hv; = \ju; and H u; = nv;. The
transpose of the augmented Jacobian matrix of (4.9) is

HUZ' Uy - U 0O --- 0 HU1 H’UZ‘,1 0 0
HTuZ» 0 -+ 0 v --- v 0 o 0 HTu1 o HTui—l
. H’Ui Uy - U 0O --- 0 )\1U1 s )\i,lui,l 0 te 0
- HTui 0 -+ 0 v --- v 0 - 0 MUL o M1V

Proving that this matrix drops rank is equivalent to proving that the matrix

Hv, w, - uw, 0 --- 0

HTUZ' 0O --- 0 (% R V]
drops rank. It is clear that the matrix drops rank if Hv; € span(u;) and H u; € span(v;).
Conversely, suppose that

HUZ' = (1uU1 S i +OCZ'U,L',
H"u; = Biog + -+ + Sivs.

Multiplying the first equation by uJT forj=1,...,i—1gives 0 = u]TH v; = a;. By symmetry,
a; =p;=0forj=1,...,i—1. Thus Hv; = a;u; and H"u; = Biv;. O

Correspondence Analysis

Correspondence analysis (CA) is an analog of principal component analysis for categorical
data. The data for CA come in the form of an n X p matrix X known as a contingency table.
We let 1 be the all-ones vector of appropriate size and set t = 17X1 € R. The row and
column weights are defined as

1

1
r:zXleR” c:gXTleRp

1 1
D, = ;diag(r) e R™" D. = ;diag(c) € RP*P,
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For k =1,...,p, we seek a pair of matrices (U, Vi) € R™* x RP** such that
1
(Ug, Vi) = argmax{trace(UT(gX —rcHV): UTD,U =VTD.V =1d;}.

We begin with two simplifications of this problem. The first is standard in correspondence
analysis: since D,, D, are diagonal, they can be factored into U, V', respectively, by replacing
U with /D, U and V with /D_.V. The second is to replace the matrix %X —rc!’ from

statistics with a generic matrix H € R™*P. The new optimization problem is

max  trace(UTHV). (4.10)
UTU=VTV=Id

The solution to this problem is given by the singular value decomposition of H; see [31].
The problem is invariant under a simultaneous O(k)-action on U and V.

Theorem 4.3.2. Let H be a generic real n X p matriz with p > n, let U be an n X k variable
matriz and let V be a p X k variable matrixz. The algebraic set of complex critical points of
the optimization problem (4.10) is equal to

LI s ey - wi)@, (v 05, - 03,)Q) = Q € O(k)} (4.11)

where uy, ..., u, s an orthonormal basis of left singular vectors for H and vy, ..., v, is an
orthogonal basis of right singular vectors for H such that u;,v; share a common singular value
fori=1,...,n. This algebraic set is a disjoint union of (Z) Cam’eties isomorphic to O(k).

Proof. As in the proof of Theorem 4.1.2; a pair (U, V) is a critical point if and only it satisfies
UTU = VTV = Id; and there exist symmetric matrices M, N such that HV = UM and
HTU = VN. We must have M = N, since UTHV = UTUM = M and V'H'U = VTV N =
N and M, N are symmetric. Thus (U, V) is a critical point if and only if UTU = VIV = Id,
and there exists a single symmetric matrix M with HV = UM and HTU = V M. The matrix
M satisfies HHTU = UM? where HH? is full rank so by Lemma 4.1.1, M? is orthogonally
diagonalizable, which implies M is orthogonally diagonalizable. We write M = QT AQ for the
spectral decomposition of M. Then the constraints become HVQT = UQTA and HT'UQ"T =
VQTA which is precisely what it means for (UQT,VQT) to be in the set (4.11). O

The following problem is equivalent to (4.10):

max  trace(HM) (4.12)
MMT epGr(k,p)

where we use the map (U, V) M = VUT € RP*". Note that if a matrix M € R"*? is such
that M M7 is in Gr(k, p), then the singular values of M consist of k ones. Therefore M has
a truncated singular value decomposition M = VId,U”T where (U, V) € St(k,n) x St(k,p).
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Corollary 4.3.3. The algebraic degree of (4.12) is (Z) .(The critical points are matrices

_ T

M= (1}1'11)1'2 e Uik)(uiluiz ’ ulk)

where uy, ..., u, s an orthonormal basis of left singular vectors for H and vy, ..., v, is an
orthogonal basis of right singular vectors for H such that u;,v; share a common singular

value fori=1,...,n.

Proof. We proceed using Lemma 2.4.1. Because there is a transitive O(n) x O(p)-action on
the product of Stiefel manifolds St(k,n) x St(k,p), it suffices to consider the tangent space
of St(k,n) x St(k, p) at the point (U, V) = ((Idg Ogxn_r)T, (Idx Orxp_x)"). By computing the
Jacobian, one verifies that this tangent space contains the linearly independent set

{SZJZG{I{?+1,,n},jE[kZ]}U{fZ]ZG{k"f’l,,p},jE[kZ]}U{@l]—eﬂZ?’éje[l{?]}

where [k] = {1,...,k} and e;;, f;; € R™"P* are the indicator vectors for the variables u;; and
v, respectively. One verifies by computation that these nk + pk — k* — (k;rl) Qectors remain
linearly independent after applying the differential. The dimension of the imgge of the map
(U,V) — VUT is the dimension of the domain St(k,n) x St(k,p) minus the dimension of
the fibers each of which is a copy of O(k); this dimension matches the number of linearly
independent vectors, so the differential is surjective. By Lemma 2.4.1, the critical points of
(4.12) are precisely the images of the critical points of (4.10) under the map (U, V) — VUT

and the statement follows from Theorem 4.3.2. ]
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Chapter 5

Constrained Rayleigh Quotient
Optimization

In this chapter, our main focus is the minimization problem

min ¢TH¢
veMy T

(5.1)

of the Rayleigh quotient on a projective variety M C P"~!. This is inspired by a problem
from quantum chemistry, where H is a Hamiltonian and 1 is constrained to lie in a given
tensor train variety. We begin by giving some background on this problem.

Since its derivation in 1926 by Erwin Schrodinger, the electronic Schrodinger equation has
been studied extensively, mainly in order to predict molecular bindings between atoms or the
structure of larger molecules. In numerical mathematics and theoretical physics/chemistry,
the main task is to compute the ground state energy of the equation, that is, the smallest
eigenvalue of the Hamiltonian operator. While this might seem straightforward, the problem
size scales exponentially with the number of electrons involved, and therefore, standard
eigensolvers fail even for small systems of 10-20 electrons. Before the advent of crypto-
currencies and Al, computations aiming at solving the Schréodinger problem commonly used
about a third of the computation power of some large supercomputers [(1].

Many approximation methods for energy minimization of the electronic Schrédinger equa-
tion have been proposed by physicists and mathematicians, among them the Hartree-Fock
method, which treats the involved electrons as uncorrelated, and density functional theory,
where the two-particle term of the Hamiltonian is replaced by a one-particle potential. See
[90] for a mathematical introduction into both. For correlated many-body systems, widely
used methods are (1) the coupled cluster method [14, 15, 62|, where a surrogate problem is
solved on a lower-dimensional algebraic variety, and (2) the density matriz renormalization
group (DMRG) algorithm, which approximates the eigenstates by a low-rank tensor [123].
The latter is the perspective taken in this article. It was proposed by theoretical physi-
cists along with matriz product states to approximate solutions of the electronic Schrédinger
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equation in second quantization [128|. The realization that this approach is actually a low-
rank tensor method emerged slowly and separately for physicists [114] and mathematicians
[103]. In mathematics, the matrix product states have been dubbed tensor trains (TT) corre-
sponding to the tensor train rank (TT rank) of a tensor, and the DMRG algorithm has been
recognized as a two-site version of the alternating linear scheme (ALS) [65]. However, while
this method often yields accurate results in practice (empirically validated using chemical
measurements), theoretical guarantees for convergence and accuracy are lacking. In partic-
ular, the DMRG algorithm converges at best to local minima of the energy function. The
number of such local minima on the set of low-rank tensors as well as their approximation
quality is unknown. We pursue an understanding of the critical points of (5.1) with this
motivation in mind.

We study the constrained Rayleigh quotient optimization problem (5.1) from the per-
spective of Chapter 2. We will define the Rayleigh—Ritz degree (RR degree) of a projective
variety in Section 5.1 as the algebraic degree of this optimization problem. Here, we will
present various ways of computing these critical points ((5.2), Proposition 5.1.2, and (5.10).
In Section 5.2 we define the RR discriminant, which is the set of symmetric matrices H for
which the number of isolated critical points is less than the RR degree.

In Section 5.3, we will introduce tensor train varieties and identify instances when they
are Segre products of projective spaces (Theorem 5.3.6). We also report what we know
about the defining ideals of tensor trains. A parametrization of T'T varieties from a product
of Grassmannians will be presented in Section 5.4. From this parametrization, we obtain the
formula for the dimension of a TT variety (Corollary 5.4.5).

We present our numerical experiments in Section 5.5. We compute all critical points of
our optimization problem for small cases using the numerical algebraic geometry package
HomotopyContinuation. j1 [20]. We use this to test the correctness of the ALS and DMRG
algorithms on these examples. In small cases, we observe that the ALS method can converge
to any of the local minima and that the corresponding energy value can be far from optimal.

5.1 Rayleigh-Ritz Optimization

We now introduce the constrained Rayleigh quotient optimization problem. Given a real
symmetric matrix H € Sym?R” and a complex projective algebraic variety M C P*~! not
contained in the isotropic quadric V (¢74)), we seek to solve the optimization problem (5.1).
We will study this problem using the tools from Chapter 2, and we adopt the notation of
that chapter. The problem (5.1) is a relaxation of the problem “Find eigenvectors of H in a
variety M,” which is over-constrained. The set of matrices having eigenvalues in M is the
Kalman variety of M; see [113].

When M = P! as in (4.1), the optimal value for (5.1) is the smallest eigenvalue of H,
and a corresponding eigenvector is an optimal solution. When M is a linear space, then
(5.1) is a Rayleigh-Ritz optimization problem over M [125]. We maintain this terminology in
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the nonlinear case, and we refer to the algebraic degree of (5.1) as the Rayleigh-Ritz degree
(RR degree). We saw our first nonlinear example of (5.1) in Example 2.1.3.

Up to scaling, the gradient of the objective function is ¢»" H and the gradient of T is
yT. Hence the augmented Jacobian (2.5) is

v H

Tu(@) = ’
égwo

We refer to the critical correspondence of (5.1)

Crm = {(t, H) € Mg \V (@T9) : rank JE (¢) < ¢+ 2}.

Proposition 5.1.1. Theorem 2.2.2 holds for the RR problem. In particular, every model
M C P! that is not contained in the isotropic quadric V(¢T4)) has finite RR degree.

s the RR correspondence:

Proof. The map H + H1) is surjective for any ¢» € P!, Since Assumption 2.2.1 holds, the
result follows from Theorem 2.2.2. m

By Corollary 2.2.4, the critical ideal for a given H € Sym?R is
(Ip1 + {(e+2) x (¢ +2) minors of Tig(4)) + (Ln, - 9" 1) (5.2)

Recall that when M C P"~! admits a rational §-to-one parametrization ¢ : C* --» M, we
can consider the unconstrained RR optimization problem

()
B 0T )

which has 0 times the RR degree many critical points for generic H. Note that this includes
tensor train varieties; see Algorithm 2. By Lemma 2.4.1, a point ¢ € ™ (M,eg\V (7))
with rank(J,(t)) = s (2.14) is a critical point of (5.3) if and only if ¢(¢) is a critical point of
(5.1). Recalling the notation of Chapter 2, we write J,(t) for the n x s Jacobian of ¢ and
V,.s for the locus where this matrix has rank less than s. We assume that V, , C C°. From
Corollary 2.4.5 and (2.18), we have the following parametric description of the critical locus
and ideal.

Proposition 5.1.2. Let v : C¥ --» M be a 6-to-one parametrization of M C P! with
base locus B. The parametric critical locus is
{t € C\BUV, UV(UTY) srank (v(t) Ju(®)" - (0(t) H(@) £ 1}
and the critical ideal is
(2 x 2 minors of (¥(t) j¢(t))T- (v(t) Huy(t)))
: (I - {(n — ) k (n — ¢) minors of Ty(t)) - (V" 4)(1))>

where Ig is the ideal of the base locus B.
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Example 5.1.3 (Rational Quadric). The RR correspondence of the rational quadric V(¢ 13—
13) C P? is a 5-dimensional subvariety of P? X P° and is minimally generated by 13 — 13
and the 3 x 3 determinant

hi11 4 higthy 4 hisths  hiothy + hoothy + hostis  histr + hoste + hast)s
(0N (0 s
)3 —21y (00

This ideal is computed without saturation because the model is smooth and intersects the
isotropic quadric V(¢7¢) transversely. Its degree is 2 -3 = 6. The rational normal curve
admits a parametrization ¢ — [1 : ¢ : t?]. This parametrization has empty base locus B = ()
and its Jacobian Jy(t) = (( 1 2t) has rank 1 for all ¢t € C. Therefore the parametric RR

correspondence is the hypetsurface in C x P° that is cut out by the determinant of

1 0
(*(11 + hiot + hist?  hig + hoot + host®  hig + host + h33t2)

, o1
1 t t f o (

hig + t(hiy + 2hi3 + hog) + t2(—hig + 3hoz) + t2(2hy1 + 2hs3)
+t*(—3h1g + ha3) + t°(—2h1s — hag + hsg) — t°has.

which evaluates to

This shows that the RR degree of the rational quadric is six. o

Example 5.1.4 (Twisted Cubic). Unlike the rational quadric, the twisted cubic V(¢35 —
V3, hothy — W2 h11by — hath3) C P3 is not a complete intersection. It intersects the isotropic
quadric transversely, so its RR correspondence is generated by its defining polynomials, along
with the 4 x 4 minors of the augmented Jacobian

(Pl¢)1 (H)y (Hy)s (Hv)s (
1 (> 3 Yy
3 =21y 0

0 vy =293

Py —tg = (0

Theorem 2.3.2(i) with n =4, ¢ = 2, and e = d; = dy = 2 gives an upper bound of 16 for the
RR degree of the twisted cubic, but the true RR degree is 10. This is apparent from looking
at the parametric RR correspondence given by the parametrization ¢ — [1: ¢ : ¢* : t3]. The
parametric RR correspondence Py C C x P? is cut out by the 2 x 2 determinant:

VOTHY(E)  (Hip(t))s + 20(Hp(t))5 + 3t2(Hb(t))4
1+t 416 t+ 2t + 3¢°
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which has degree 10. For the specific instance

0 78 76 42

8§ 170 111 67

H = 111 8 54
2 67 54 41

it is equal to
78 + 222t + 381t + 238¢% + 189t* — 280t° — 381t° — 562t" — 405¢% — 178t — 54¢1°. o

One obtains the critical ideal by evaluating at specific values of H. Recall the definition
of the Lagrangian ideal (2.13)

A = (I + {(c +2) x (¢ + 2) minors of Jiy(z))) : TEvIe

The critical ideal is I}, = A%, : (¢"¢)>. By Proposition 2.3.1, the critical and Lagrangian
ideals are equal for the rational quadric and cubic curves, because these two varieties intersect
the isotropic quadric V (71)) transversely. We now see an example where the critical and
Lagrangian ideals are not equal.

Example 5.1.5 (P! xP'). The simplest tensor train variety (see Section 5.3) is M = P! x P!
Here, I = (Yooth11 — Yo1¢10) C R[tboo, o1, P10, %11]. The augmented Jacobian is

Yoo Yot Y10 Y11
(HY)oo (HY)or (HvY)io (HY)n
Y11 =110 —o1 Yoo

The Lagrangian ideal (2.13), generated by the 3 x 3 minors of the augmented Jacobian along
with ¥got11 — Y0110, is a zero-dimensional ideal of degree 12. This agrees with the upper
bound on the RR degree given by Corollary 2.3.3(i). Its primary decomposition has three
components over Q:

I/{I/t N (tho1 — P10, oo + 11, Y3 + 1) N (Wor + 10, Yoo — Y11, ¥3o + ¥5)

where the critical ideal If, is

Iam+(3307¢00tb01 + 557718, — 6399¢agtb10 — 501697 — 1188thgoth1y + T83wo1th11 — 4295h10¢11 — 56147,
661445, — 1662495, + 24459¢00%10 + 135820 + 606¢00¢11 — 1437901911 + 3978¢10¢n1 — 357207;)

for the data matrix (5.4). By Proposition 2.3.1, the extraneous points in the Lagrangian
locus are precisely the transverse intersection points of P! x P* with V(¢)74)). The Lagrangian
locus has four extraneous isotropic critical points that are not critical:

[—1:d:d:1), [-1:—i:—i: 1), [L:d:—i: 1], [1:—i:0:1]. (5.5)
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This critical ideal I is a zero-dimensional complete intersection and hence it has degree 8.
Thus that RR degree of P* x P! is 8. Of the eight critical points, six are real, listed below
as unit vectors, with the underlined one attaining the global minimum value 4.66885:

(—0.05582, —0.43762, 0.11355, 0.89020) (—0.49237, —0.35933, 0.64035, 0.46732)
(—0.82393, 0.56305, —0.05284, 0.03611) (0.55151, 0.59762, 0.39467, 0.42767)
(—0.44158, 0.21247, 0.78549, —0.37795) (—0.01170, 0.01709, —0.56495, 0.82486).

We parametrize P! x P! C P3 by (ty,t5) — [1 : t; : ty : tifs]. The base locus of this
parametrization is empty, and its Jacobian has rank 2 for all (¢1,¢5). The parametric RR
correspondence is defined by

1t ty tit 1 hir + hiots + hasta + haatits
. t1 hig + hogti + hosta + hastito 2 2 2,2
1 t : .
<2 X 2 minors of 8 : (1) ti ) ty hys + hosty + hasts -+ hastits <1 +t] +1t5 + t1t2>

tita  hia + hoat1 + haato + haatits

The excess component of the determinantal ideal is cut out by (14 ¢%,1+¢2) and consists of
the four points t; = +i and ¢ = 4. These are precisely the four points we saw in (5.5). ©

The RR degrees of Segre-Veronese varieties were recently derived in [112]|, where, in
particular, explicit formulae for the RR degrees of rank-one matrices of any size and of
rank-one binary tensors were obtained.

Proposition 5.1.6 (|1 12, Corollaries 5.2 and 5.3]). The RR degree of the variety of rank-one
binary tensors of order n (M = (PYH)") is 2"n!. The RR degree of the variety of rank-one
n x m matrices (M =P" 1 x P Y with n < m is Zfl 4= (™).

)

In the remainder of this section, we present an alterntive perspectﬂze on the optimization
problem (5.1). For this, we will consider M in its second Veronese embedding v»(M) and
transform the Rayleigh-Ritz optimization problem (5.1) to a distance optimization problem
using the Bombieri-Weyl distance. The equivalence of these two optimization problems has
been introduced and fully developed in [112; Section 2|. We give a very brief introduction
to the Bombieri-Weyl distance optimization.

Note that the Rayleigh-Ritz problem (5.1) is equivalent to the optimization problem

. T
wecu\rftl;)ﬂmsrb—1¢ 7y (5.6)
where C'(Mpg) C R" is the cone over the projective variety M C P"! and S"! is the
(n — 1)-dimensional unit sphere in R”. We also point out that each critical point ¢ of (5.1)
corresponds to two critical points :I:(w)%wb of (5.6).

A homogeneous form f of degree d in n variables with real coefficients can be represented

by an element of Sym?R™. This representation as a symmetric tensor can be written as

1) = S () st

la|=d
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case we will work with is d = 2. A homogé.r.leous quadratic polynomial in n variables and
the corr

where (fl@ is the multinomial coefficient # Hence f is identified with ( fa)w:d. The
eSponding symmetric matrix of this quadratic form are

n

1 hi2 0 hiy
12 haa -+ hop
Z Wty + Z hijriz; H=11\ L (5.7)
= ' in h2n T hnn

From now on we will identify a symmetric matrix H with the quadratic form fy = 27 Hax.

The Bombieri-Weyl inner product between two homogeneous forms f,g € Rlzy,...,x,]q is
<fag>BW = Z @faga-
|a|=d

The corresponding Bombieri- Weyl norm of f is the square root of

d
it = 3 ()2

|a|=d
If f is a quadratic polynomial as in (5.7) then || f|[3w = trace(H?).
Proposition 5.1.7 ([112, Proposition 2.6]). Let M C P"! be an irreducible variety. A
point Ao () € C(va(M)) with p € S and X\ € C is a critical point of

i — M]||? 5.8
prein s || fu |[Bw (5.8)

if and only if 1 is a critical point of (5.6) and X\ = fr () = YT Hap.
Example 5.1.8 (P! x P'). In the case of P! x P!, the optimization problem (5.8) is

min trace((H — v 2
PooY11="10%01 (( 2(¢)) )
3o +v3, Hvi =1

where

77Z)30 7\/J()Ol/}()l woowlo ¢00¢11

() = | Yoovor U5 Yoo Yorvn

2 0¢10 ¢01¢10 w%{) wl(ﬂ/fll
00¢11 w()lwll wlowll w]Q_].

The critical ideal is generated by ¥o111 —V10%01, Vi + 15, +1%+1? —1, and the 3x 3 minors
of the 3 x 4 augmented Jacobian. No saturation is needed to compute this zero dimensional
ideal of degree 16. This agrees with the RR degree 8 we computed in Example 5.1.5. o
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Note that the trace of v5(¢)) is trace(vy(¢))) = i+ - -+12 = q(¢)). Therefore constraining
¥ to lie on the sphere is equivalent to constraining (1)) to have trace 1. Therefore

trace((H — v5(1))?) = trace(H?) — 2trace(Hio(¢))) + 1

and hence maximizing the trace of (H — v5(¢)))? is equivalent to minimizing trace(Hvy(1))).
We therefore consider the linear optimization problem

max  trace(MH). (5.9)
MeC(va(M))
trace(M)=1

We have shown that the Rayleigh-Ritz problem may be realized as a linear optimization
problem over the Veronese square v5(M). This is reminiscent of the reformulations of the
multi-eigenvector problem in Section 4.1.

Corollary 5.1.9. The linear optimization degree of the affine variety C(vo(M))NV (trace(M)—
1) is twice the RR degree of M.

The linear problem (5.9) has an equivalent projective formulation:

trace(M H)
max ——————.
Mews(M)) trace(M)

We will study the optimization of the same objective function over the projection Grass-
mannian in Chapter 6. By Corollary 2.2.4, the critical ideal of this optimization problem is

hit 2hip 2hiz -+ hpy
(I (M)+<< +2) x (¢+2) minors of 1 0 0 - 1 >> (Lyy (M) trace(M))* (5.10)
2 Jy2(M)(M) 2 sing

This provides another method of computing the critical equations of the Rayleigh-Ritz op-
timization problem.

5.2 The Rayleigh-Ritz Discriminant

We now consider the case of degenerate data, that is, of data matrices H for which the critical
locus is badly behaved. This data locus is called the Rayleigh-Ritz discriminant. Analogous
discriminants were defined in |77] for the maximum likelihood estimation problem and in
[37] for the Euclidean distance optimization problem.

As in Section 5.1, we write Cyq for the critical correspondence of (5.1), which comes
equipped with projections 7, : Cyy — M onto the model and 7, : Crq — P(Sym*C") onto
the data. By Proposition 5.1.1, the fiber 7, '(H) of a general matrix H has RR degree
many points. By “general,” we mean that this statement holds outside of a subvariety of
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the data space P(Sym®C"). We call this subvariety, which is typically a hypersurface, the
Rayleigh-Ritz discriminant (RR discriminant):

Y = {H € P(Sym?Cn) : the critical locus of (5.1) is infinite or nonreduced}.

We use the Jacobian criterion to determine when the critical locus of a matrix H is
singular or infinite by treating the variables hii, his, ..., h,, as parameters. Given the ideal
Ie,, = (91,---,90) € Clr,...,¢n, h11, M2, ..., hypy] of the correspondence, a point in the
critical locus is nonreduced or lies on a positive dimensional component precisely when the
following ¢ x n matrix drops rank:

91 091 .. 991
0 Oy,
W 02 Yy,
Jewuw(W, H) =1 % 77 7 (5.11)
o Pe .. du
W1 Ot M,

The RR discriminant can therefore be written as
EM = 7T2({(¢,H) € CM : rank jCMﬂ/,(lﬁ,H) <n-— 2})

The RR discriminant can also be computed from the parametric RR correspondence. If
Ip = (f1,--., fp) CClt1,...,ts, h11, M2, ..., hyy], we define the p x s Jacobian

ho oh ... 04
9 9

t1 Oty Ots
jPM,t (ta H) = . .

fo Ofp . Ofp

1 Oto Ots

Proposition 5.2.1. Suppose M admits a rational parametrization i : C* --» M. Then the
RR discriminant is

Ym =m({(t,H) € Py :rank Jp, +(t, H) < s—1}).
Proof. Let

Cioi* = {(¥, H) € Cpq = rank T, (¢, H) < n — 2}
and P = {(z, H) € P : rank Jp,(t, H) < s — 1}.

It suffices to prove that the image of ¢ x Id : PiH™ --» Caq is dense in Cy". In this case,
1 x 1d gives a rational map Pi™ --» Ciy™ sending (¢, H) — (¢(t), H) and so the projections
onto the second factor of these sets will be equal.

Suppose (t, H) lies in the dense open set Pi™\(V, , x P(Sym*C"). By the definition of
Pram we have rank Jp,,+(t, H) < s — 1, and consequently the tangent space Tj(y, ' (H))
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has dimension at least one. Since ¢ is not in V, ,, the Jacobian [J(t) defines an injective
map from the parametric critical locus T;(v; ' (H)) to the implicit critical locus Ty (75 ' (H)).
Consequently, the domain has dimension at least one, the map is injective, and the codomain
Ty (75 '(H)) is at least one-dimensional. Thus the Jacobian Jp,, (¢ (t), H) has rank at
most n — 2. This proves that ¢ x Id maps P}y" into C}{". By construction, the image of our
dense open set under ¢ x Id is dense in C}™. [

We introduced >, as the set of matrices H whose critical locus is infinite or singular.
This is the perspective taken in |77] when defining the discriminant of maximum likelihood
estimation. The authors of [37] take a different perspective, defining the discriminant of the
Euclidean distance optimization problem as the branch locus of the projection 75 onto the
second factor. We now argue that these two definitions agree for RR discriminants.

Proposition 5.2.2. The RR discriminant of M is the branch locus of w5 : Cpq — P(Sym*C").

Proof. The branch locus consists of the matrices H for which there exists ¢ € 7, '(H) such
that the differential 7., (¢, H) of the projection 7 is not surjective. We work in the affine
chart where ¢y = hy; = 1. The Jacobian of Cyq at a point (¢, H) with ¢ € M,e, may be
written as

jCM(¢7H) = (jCMﬂZ’fl(l/}?H) jCM,H711<waH>)

where Je,, 4, (1, H) consists of the last n — 1 columns of (5.11) and (70M,H_11("¢J7 H) is the
analogous £ x ((";1) 1) matrix where derivatives are taken with respect to hia, his, ..., hpp.

There exists a (n+ (') —2) x ((’El) — 1) matrix A = (Ad’) whose columns form a basis
An

for the kernel of J¢,\ i.e., they fokm a basis for the tangent space of Crq at (¢, H). The
column span of Ay is the image of the tangent space T(y )Cr¢ under the differential map
T, (¥, H). For general H, this map is surjective and Apy has full rank.

If H is in the branch locus, then A is not full rank, and we may choose Ay so that its last
column is zero. This choice forces the last column of A, to be in the kernel of J¢,, 4 , (¢, H).
Hence Jec,, . ,(¢, H) has rank less than n — 1 and H is contained in ¥ . Conversely, if

H € ¥ p, then the kernel of J¢,, 4 , (1, H) contains a nonzero vector v. Then the vector

O <
is in the column span of A. Hence Ay drops rank and H is in the branch locus of my. Thus
Ay drops rank precisely when Je,, (1, H) drops rank, and the discriminants match. O]

We now examine the RR discriminants of projective spaces and rational normal curves,
before turning to the components of RR discriminants.

Proposition 5.2.3. The RR discriminant of P! is the discriminant of the characteristic
polynomial of a symmetric matriz. The defining polynomial has degree n(n — 1).

Proof. The RR correspondence of P" ! is

Cpn—1 = {(Cb, H) € Pr=! x P(Sym?(Cn)) : ¢ is an eigenvector of H and 9)T¢) # 0 ).
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It follows that the fiber of a complex symmetric matrix H is

7y, {(H) = {3p € P»~1 : ¢ is an eigenvector of H and ¢T4) # 0}.

We seek conditions on H under which this set is singular. If the characteristic polynomial
of a matrix H has no double roots, then H is diagonalizable and has n distinct eigenvectors.
Thus 7, ' (H) consists of n isolated points if the characteristic polynomial of H has no double
root. Therefore the discriminant of the characteristic polynomial of H contains Ypn-1.

Conversely, suppose H has a repeated eigenvalue A. If the corresponding eigenspace has
dimension greater than 1, then 7, '(H) has a positive dimensional component, so H is in
Ypn—1. If A has geometric multiplicity 1, then the corresponding eigenspace is spanned by a
single vector 1. Consider a curve H : [0,1] — P(Sym?(C")) such that H = H(1) and H(t)
is diagonalizable for ¢t € [0,1). The eigenvalues and eigenvectors of H(t) vary continuously,
so there exist functions Ay, A : [0,1] — C and 9y, : [0,1] — P*~! such that

o H()r(t) = Mt (1) and H(E)s(t) = Mo(t)o(t) for all £ € [0, 1],
o A\ (t) # Xo(t) and 9y (t) # o(t) for t € [0,1), and
e \(1)=X(1) = A\

At t =1, we have Hi (1) = Mp1(1) and Hbo(1) = Ahy(1). Since the eigenspace of A is one-
dimensional, (1) = 1»(1) = ¢ and hence 1 is a nonreduced point of 7=*(H). Therefore, if
the characteristic polynomial of H has a double root, then H € Ypn-1. O

Remark 5.2.4. If H is not contained in Yp.—1 then no points in fiber 7, '(H) lie on the
isotropic quadric V (¢T4). This is because a symmetric matrix has an isotropic eigenvector
if and only if its characteristic polynomial has a repeated eigenvalue [115]. Consequently, for
every H ¢ Ypn-1, the problem (5.1) has exactly RR degree many critical points.

Proposition 5.2.5. The RR degree of the rational normal curve C C P? of degree d is
2(2d—1). The parametric RR correspondence of the rational normal curve is a hypersurface
in C x P(Sym*(C*)) which is linear in hiy, hia, ..., hay1ae1. The RR discriminant is a
hypersurface of degree 2(4d — 3).

Proof. The first claim follows from [112, Proposition 3.6]. For the RR correspondence we
use the parametrization t — [1:¢: ---: t%. Since the dimension of the parametric RR
correspondence is (df) ( 1, it is a hypersurface in C x P(Sym*(C?*!)). For each ¢t € C,
the fiber v;'(t) C P¢ if a linear space. Therefore the multidegree of this hypersurface is
(2(2d—1),1). By Proposttion 5.2.1, the RR discriminant is the discriminant of this univariate
polynomial of degree 2(2d — 1) whose coefficients are linear in H. Therefore its degree is

2(2(2d — 1)) — 2 = 2(4d — 3). O
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We now turn to the structure of the discriminant. The RR discriminant is generally not
irreducible. Let CR™ = {(¥, H) € Cp : rank Je,, (¢, H) < n — 2} denote the ramification

locus of the projection my. We can write Ci%" as the union

C" = (CR NV (") U (C \ V(¥TY))
where V (¢p74)) C PP~ xP(Sym*C"). The projections of these components o (C3&*NV (1))
and mo((Cy™ \ V(¢T1)))) are often, but not always, hypersurfaces. We call the set 7 (Ci™ N

V (9)) the isotropic part of the discriminant and the set mo((C}a™\ V(¢74)))) the non-
1sotropic part of the discriminant. We illustrate this phenomenon with some examples.

Example 5.2.6. The nonisotropic part of ¥pn-1 is a proper subvariety of >pn—1 with codi-
mension greater than 1 and describes matrices with diagonal blocks. The isotropic part of

Ypn-1 is equal to Xpn-1. Its defining polynomial is a sum of squares; see [72|. For example,
Y1 is the hypersurface cut out by (hy; —haa)?+4h3,. The nonisotropic part V' (hya, hip — o)
of ¥p1 has codimension 2 and consists of scalar multiples of the 2 x 2 identity matrix. o

Example 5.2.7 (Normal quadric). The rational normal quadric has RR degree 6. The
RR discriminant is a degree-10 hypersurface. Its defining polynomial has three irreducible
factors over Q. The two isotropic factors are

3(2h13 — 2h13 — hos + hgg)® + (2hay — 2h1 — 2haz — hay + 4hog — hz)® and
3(2h12 + 2h13 + hag — haz)® + (2h11 + 2h1o — 2hyg — hoy — 4hog — hys)®.
The nonisotropic factor has 206 terms, the first few of which are
3456h7, h3; — 6912h3, h1ohishos — 345603 hishoshos 4 345603, hishoshss + 2048h3, h3,
+3072h3 h3shao — 307203 hishaz + 1536h%, hizhae — 307203, highashsz — 1900813, hish3s + 1536h%, hizhi,
+256h3  h3, — T68h3, haghas — 9504h3 | hooh3s + T68h3, haoh2s — 432003 h3shas + - -
The full polynomial is available at [17]. The discriminant divides P(Sym”R?) into two
regions. We computed the regions in the complement of the nonisotropic factor using the
Julia software HypersurfaceRegions. jl [22]. In one region, (5.1) has 2 real critical points;

in the other it has 4 real critical points. For example, (5.1) has 2 real critical points for the
left matrix and 4 real critical points for the right matrix:

5 8 1 13
9 |, H= 1 11 7
11 13 7 5

This discriminant also appears in [112, Example 5.8|. o

1
H= 3
5

O© 3 W

In the following examples, we were not able to compute the full discriminant polynomials.
The degrees were computed symbolically by intersecting the discriminant hypersurface with
a line. We can give a lower bound on the number of regions in the discriminant complement
by computing all critical points for (5.3) for random real matrices and counting the numbers
of real solutions that arise.


https://HypersurfaceRegions.jl
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Example 5.2.8 (Twisted Cubic). The twisted cubic has RR degree 10. The RR discriminant
has degree 18 and its defining polynomial factors into three components over Q. The first
isotropic factor is a sum of squares of rank 2:

(h11 — 2hy3 — hog + 2hoy + hss — h44)2 + 4(h12 — h1g — haz + h34)2-
The second isotropic factor

B, — 8K hos — 4h3 has + 1602 hnahs + 1602, hashos + 8h2, h25 + 8h2 highas — 8h2, hnshas
—16h3,hishzy + 2h31h3y — 4h3  haohyy — 1603 hoshsy + 24hT hay + 24hT hoghss + 6h3 hi,
+2h3 hiy — 32hi1hiyhas — 16hi1hiyhos + 16h11hyhas + 64k hashishss — 64hi1hiohighay

—32h11hi2hiahas + 32hi1hiohashas — 64hi1hi2hashes — 32h11hi2haghss — 32h11hi2hgshas + -+

has 187 terms (see [17]). It is a sum of squares of rank at most 4. We checked this using the

Julia packages COSMO. j1 [54], JuMP.j1 [91], and SumOfSquares.jl [35]. The nonisotropic
factor has degree 12 and divides P(Sym?R?) into at least three regions, exhibited by the fact
that (5.1) can have 2, 4, or 6 real critical points. o

Conjecture 5.2.9. The nonisotropic part of the RR discriminant of the rational normal
curve of degree d > 2 is a hypersurface of degree 6(d — 1). The isotropic part has degree 2d.

We have verified Conjecture 5.2.9 numerically for d < 10; see [17] for computations.

Example 5.2.10 (P! x P'). The RR degree of P! x P! is 8. The RR discriminant of P! x P!
is a hypersurface of degree 32. The isotropic part has degree 8. The nonisotropic part has
degree 24. The discriminant divides P(Sym®R?*) into at least three regions: (5.1) can have
4, 6, or 8 real critical points for P x P! o

Example 5.2.11 (Hirzebruch Surface). Consider the Hirzebruch surface parametrized by
Y : C? — P* defined by (a,b) + [1 :a:b:ab: a®]. The RR degree of this variety is 20.
The RR correspondence is a 14-dimensional subvariety of P4 x P'. The RR discriminant is
a hypersurface of degree 74. Its isotropic part has degree 26 and its nonisotropic part has
degree 48. The discriminant divides P(Sym?R®) into at least 5 regions: the optimization
problem (5.1) can have 4, 6, 8, 10, or 12 real critical points. o

It is not clear whether there can exist (¢, H) € Ci™ NV (¢T4)) with real H. The vector
) cannot be real, since 71 = 0 is a sum of squares. In the examples we have computed,
the variety m2(C5&™ NV (4T4)) has no real points and its defining polynomial factors as a
sum of squares over Q. We therefore make the following conjecture, which we have verified
for the rational quadric (Example 5.2.7), the twisted cubic (Example 5.2.8), and projective

space (Example 5.2.6).

Conjecture 5.2.12. Every irreducible isotropic factor of the defining polynomial of the RR
discriminant is a sum of squares.


https://SumOfSquares.jl
https://COSMO.jl

CHAPTER 5. CONSTRAINED RAYLEIGH QUOTIENT OPTIMIZATION 68

One motivation for studying the RR discriminant of a variety is to compute the average
RR degree, that is, the expected number of real critical points. The role of the discrimi-
nant in this computation is explained in the Euclidean distance case in [37]. In particular,
in this application we are only interested in the real locus of the discriminant. Thus, if
Conjecture 5.2.12 holds, then only the nonisotropic part of the discriminant is relevant. We
therefore present degrees of the nonisotropic parts of RR discriminants of various varieties
in Tables 5.2 and 5.4, and make the following conjecture.

Conjecture 5.2.13. The nonisotropic part of the RR discriminant of P! x P"*~! is a hyper-
surface of degree 24 (”;1) The nonisotropic part of the RR discriminant of P? x P*~! is a
hypersurface of degree 2442 (}).

5.3 Geometry of Tensor Train Varieties

In this section, we introduce tensor train varieties (T'T varieties) — projective varieties of
tensors in a tensor train format. These varieties can be described by the combinatorial

structure of a graph following the tensor network viewpoint as, for example, in [34, , |.

Let T',, be an undirected path graph on vertices {0,1,...,n}, with edges {i — 1,i} for
i =1,...,n. We assign positive integers k = (ko, k1, . . ., k,,) to the vertices, known as physical
dimensions, and r = (71,79, ...,7,) to the edges, called bond dimensions; by convention, we
set 1o = rp, 1 = 1. We identify tensors in the ambient projective space IP’( Xl Cki) ith
points having homogeneous coordinates ¢, ;. , where j; € [k;] = {1,...,kl}. Forleach
index i € {0,1,...,n} and each j; € [k], let Al(ji) be a general r; X r;;; matrix of parameters.

Definition 5.3.1. The tensor train variety Ty, is the projective variety in PP (®? OCki)
defined as the Zariski closure of the image of the following rational map:

i=0 (5.12)

(Agji)> isn, 1<ji<ks T (wﬂ'o’ﬁw-’jn)(:1,...,jn)enl”o[kz]’

where ¥, j, i = AgjO)Agjl) AU T symbols, we have Vi, = im(Vy,).

0, ﬁ (P( rl—xm-&-l))ki —> P (éifk) (

It is often convenient to characterize 7Ty by rank constraints on certain matrix flattenings
of a tensor. For i € {0,1,...,n — 1}, let ¥* denote the flattening of v according to the
partition {0,1,... i} U{i+1,...,n}, viewed as a (ko - -- k;) X (ki1 -+ k) matrix.

Lemma 5.3.2. The tensor train variety Ty, is equal to
Ter = {{6 P ®fk’> crank(¢') <1y fori=0,...,n— 1} ) (5.13)
i=0

In particular, set-theoretically T,y is cut by all (riv1+1) X (riy1 + 1)minors of flattenings "



CHAPTER 5. CONSTRAINED RAYLEIGH QUOTIENT OPTIMIZATION 69

Proof. Let ¢ be in the image of Uy ,. Fix ¢ € {0,...,n — 1} and consider two matrices
L= AJ? .. AP e cxrn Ry = AUV . AU € it

Then the flattening " has entries ¥ [jo, ..., Ji; jit1s- - Jn] = Li R;. Thus " factors through
an r;1-dimensional space, hence rank(wi) < 7rigq-

Conversely, let rank(¢?) < 74 forall i = 0,...,n — 1. Start with )0 € CFox(*k1k2) and
take a rank factorization ¥° = LoR, with Ly € C**™ and Ry € C*kkn) - et A(()jO) be
the jo-th row of Ly, and reshape Ry as a tensor ) € C" @ Ch @ - .- ® Ck».

Using rank(¢!) < ry, the flattening of 1" across {ry, k1} U {ks, ..., k,} also has rank at
most 79, so we can factor it as LRy with L; € Clrik)xr2 and Ry € Cr2x(k2kn)  Read the ky
slices of L, as Agjl) € C*"2_ and reshape R; to ¥ € C? @ C* ® --- ® Ck». We proceed
inductively and at step i = n (with r,,4; = 1) the remainder )("*Y is scalar, and we obtain

Rank constraints are given by vanishing minors, so right hand side of (5.13) is closed. [

Corollary 5.3.3. We have the following constraints on sequences k and r:
r; S Ti—lki—l and Tri—1 S Tiki—l fO’I” 1= ]., cee, N (514)

Proof. The left inequalities follow from the proof of Lemma 5.3.2. The condition on the right
in (5.14) is symmetric: apply the same rank factorizations starting from "1 € Cko-kn—1)xkn
and run the construction backwards. [

If either of the inequalities in (5.14) for r; is an equality or fails to hold, then the corre-
sponding rank condition in (5.13) is automatically satisfied, as in the example below.

Example 5.3.4. Take k = (2,2,2,2) and r = (1,2,1). The parametrization (5.12) yields
Vi = Ay AV AP AL,k e {1,2),
where A(()i) and A:(f) are scalars, Aﬁj) € C*2 and Agk) € C**1. Writing
A[()Z) - (a6)7 Agj) = ((ljll &{2) Agk) — (Zg;) ) AL(%E) - (ag)7

one checks that Ty, is isomorphic to P* x (P')2. The vanishing ideal of this Segre product
is minimally generated by the 2 x 2 minors of the flattenings 1" and ¥?. Minors of 1! don’t
appear since ro = 2 =12 = r1ky. The corresponding tensor network is in Figure 5.1. o

From now on, we use the shorthand (1)" := (1,...,1) for sequences of repeated indices.

[N
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QP | @ | @ | %@

2 2 2 2

Figure 5.1: A tensor network diagram for binary tensors of order 4 and TT rank (1,2,1).

Proposition 5.3.5. Fork = (ko, ki, ..., k,) andr = (1)" we have Ty, = Pho=1x ... x Prn—1,
embedded by the Segre map.

Proof. The matrices Agj") in the parametrization are 1 x 1 matrices: Af.ji) = (al*). Therefore,
Jjo ,J1

Vig jroin = ai'al’ - - -alr. This is precisely the Segre embedding of Pko—1 x ... x Pkl 7

We next isolate a large, explicit family of tensor train varieties that are again Segre pro-
ducts. We say that indices ¢ with r; > 1 are separated if no two such indices are adjacent;
likewise, we call a separated block a consecutive sequence (i1, .. .,4;) with r;,...,r;, > 1 such
that no other r; > 1 is adjacent to the block.

Theorem 5.3.6. Let k = (ko,...,k,) andr = (r1,...,1,), with ro = r,y1 = 1. Suppose r
has € separated blocks of consecutive indices I, (ap, ..., by) such that r; > 1 if and only if
1€ U I,. Assume furthermore that for every i € | (I,, one of the inequalities r; > r;_1k;—1
or r; 2 n+1k holds. Then

Er:PKl—l XIP)Kg IXPk -1 XPk —1
where K, = Hff’:%_l ky forp=1,...,0 and j, are such that r; 11 = 1 is not adjacent to two
separated blocks for q =1,...,s. Moreover,

f s (S (B = 1)+ ok, — )Y
dlm'ﬁ(r = Kp — e s de 7171- = 7 .
r= 2 1”2(“ ), deg TSR AT

p=1 q=1 p=1

Proof. For a block I, the corresponding T'T cores have shape (r; x k; x r;43) for ¢ € I, and
Ta,—1 = Th+1 = 1. Since these ranks exceed 1 and one of the inequalities (5.14) fails, the
block parameters span all coordinates in PX»~! giving a surjective rational reparametrization
onto PE»~1,

Because blocks are separated, these local reparametrizations are independent, so the
global parametrization factors as the Segre product of the PX»~! for p € {1,..., ¢} with the
remaining P! factors. The dimension is the sum of the factor dimensions, and the degree of
P% x ... x P4 is the multinomial coefficient (dljl +ds) yielding the claimed formulas.  [J

We are mostly interested in binary tensors (k; = 2) due to their prevalence in applications.
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Example 5.3.7. The tensor train variety 7(22),2) is the variety of 2 x 2 matrices of rank at
most 2, and consequently it is P3.

When (ko, k1, ko) = (2,2,2) and (rg,71,72,73) = (1,2,2,1), the inequalities 2 = r; >
roko = 2 and 2 = ry > r3ky = 2 in Theorem 5.3.6 hold. We can see that the parametrization
is surjective onto P7 explicitly by setting Aéi) = ¢; and Ag) =e; fori=1,2.

Finally, if (ko, k1, ko, k3) = (2,2,2,2) and (rq,79,73) = (2,2,2), Theorem 5.3.6 does not
apply. One of the inequalities in the statement holds for i = 1, 3, but they both fail for i = 2.
The only nontrivial rank condition is that the 4 x 4 matrix from the i = 2 flattening )?
should have rank at most 2. Therefore this tensor train variety is the determinantal variety
T(4,4),2) of 4 x 4 matrices of rank at most 2. o

The following corollary generalizes the above example.

Corollary 5.3.8. Letk = (2)"" andr = (ry,...,r,). Suppose there are { separated indices
i with r; > 1, t separated pairs (i,i+ 1) with r;, ;41 > 1, and all remaining r; equal 1. Then

7;{}1_ ~ (P3>l % (P7>t % (Pl)n7€72tfs’

where s is the number of r; = 1 adjacent to two separated blocks. In particular, the dimension
of Txr is n+ 20 + 5t — s and its degree is the multinomial coefficient

(n+ 20+ 5t — s)!
ENGE
We now turn to equations. Lemma 5.3.2 shows that 7Ty, is set-theoretically cut out by

determinantal equations. The following conjecture, first suggested to us by Bernd Sturmfels
in personal communication, asserts that these suffice scheme-theoretically as well.

Conjecture 5.3.9. For fixed k and r, let @) be a ky x - -+ X k,, tensor of indeterminates and
let 1" be the flattenings as above. Then the homogeneous prime ideal of Ty, in C[¢)] is

n—1

I, = Z 6(7’1“ + 1) x (ri41 + 1) minors of wi>.
i=0
Moreover, the union of (r;y1 + 1) X (r;y; + 1) minors of flattenings ¢ for i = 0,...,n — 1

forms a Grobner basis for the ideal [E’r.

We collect some positive evidence in the case of binary tensors, in particular, in the case
of Segre varieties whose Grobner bases have been studied widely. We start with the following
lemma,; a proof is available in |14, Chapter 3].

Lemma 5.3.10. Let k = (2)"™ and v = (r1,...,r,) with { separated indices where r; > 1,
t separated pairs (i,i+ 1) where r;,r; 11 > 1, and all remaining r; = 1. Let

{il,...,in_g_gt}:{1,...,n}\({i: r; > 1}U{Z,Z+1 iy Tig1 > 1})(
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Then the union

Gy, U - UG

ln—0—2t)

where G; denotes the set of 2 x 2 minors of ¥I~', is a minimal reduced Grobner basis of

I, with respect to any lexicographic or reverse lexicographic term order that respects the
row-column structure of the flattenings 17 for j =0,...,n — 1.

Remark 5.3.11. In general the union above is not a universal lexicographic or universal
reverse lexicographic Grobner basis, see the example below.

Example 5.3.12 (Segre products of two projective spaces). Let k = (ko, k1) and r = (1).
Then I7, , is generated by the 2 x 2 minors of a ko x k; matrix. By [110, Theorem 3.9], these
minors form a quadratic universal reverse-lex Grobner basis. For kg, k1 > 2, they are not a
universal Grébner basis. For instance, for (kg, k1) = (3, 3) the Grébner fan has 108 maximal
cones, but only 96 correspond to reduced Grobner bases consisting of 2 X 2 minors. o

Example 5.3.13 (Segre products of several projective spaces). For n > 1, the 2 x 2 minors
need not form a reverse-lex Grobner basis under an arbitrary permutation of the variables.
For k = (2,2,2) and r = (1),, order the variables as

Y111 = Yiga = Yarg = Yaar = Paog = Yio1 = Yo > Yrie.

The reduced reverse-lex Grobner basis contains the cubic 1929 1121 V11 — P31 Y112, sShowing
that 2 x 2 minors alone do not form a Grébner basis in this case. o

We record a conjecture that represents a key step towards the proof of the Conjecture 5.3.9.

Conjecture 5.3.14. Let k = (2)"™ and r = (1,79,...,7,_1,1). Then the union
GYH-I) U - U GglrnJrl)

of (r;41) x (r;+1) minors of the flattenings 1/*~! forms a Grébner basis of I, . with respect to
the reverse-lexicographic order induced by a variable order compatible with the flattenings.

Example 5.3.15. The analogous statement for lexicographic orders generally fails unless
Ter is a Segre variety. A minimal counterexample is k = (2)%, r = (1,2,2,2,1). o

5.4 Tensor Train Varieties as Products of
(Grassmannians

In this section, we present a one-to-one parametrization of a dense open set of Ty, from a
product of Grassmannians

Z = GI"(T‘1,]{J0) X Gl“(”r’z,rlk;l) X oo X Gr<7“m7”n—1kn_1) % P(@rnxkn)'
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This open set is contained in the tensor train manifold denoted by 7T, which is the set
of tensors in 7y, whose ¢-th flattening has rank ezactly ;4 for all i = 0,...,n — 1. The
construction is inspired by the TT-cross algorithm [104], itself an adaptation of the TT-
SVD [58, | in which successive SVDs are replaced by so-called skeleton decompositions of
matrices [126]. Skeleton (or CUR) decompositions factor an m x n matrix A by selecting r
linearly independent columns and rows of A as columns and rows of C' € C"™*" and R € C"™*",
respectively. In the literature, this decomposition is often generalized to the case where
only rows or columns are chosen, resulting in an X R-decomposition or C'X-decomposition,
respectively [38]. In our algorithm, we use a special case of the X R-decomposition for a
rank-r matrix A, under the following assumption.

Assumption 5.4.1. For a rank-r matriz A € C™ " the first r rows are linearly independent.

If Assumption 5.4.1 holds, the X R-decomposition is the factorization A = X R where
R € C™" is the first r rows of A and X = ART(RR")~!. We denote the output by:

XR(A,r) = (X, R).
Invertibility of RR' is guaranteed by Assumption 5.4.1. This decomposition satisfies
XR=ARY(RR")'R = AP,

where P is the orthogonal projection onto the rowspan of A; see Section 3.3. Projecting
the rows of A onto the rowspan of A leaves them unchanged, and hence XR = AP = A.

Moreover, X has the form
Id,
()

with B € C~"*" Such matrices parametrize a large open subset of Gr(r, m) via their col-
umn spans, with the first block fixed to the identity to ensure a one-to-one parametrization.

Our algorithm gives a bijection from an open set & C 7, to an open set W C Z. In
order to write down our algorithm, we will first need to identify these open subsets. The
description of the open set W is straightforward. Let W, denote the open set

Wi := {span(A) : A € C"—**=1%"i first r; rows linearly independent} C Gr(r;, r;_1ki_1)

for i = 1,...,n and let CI»**» C P(C™**») denote the open set of full rank matrices that
have a 1 in the first entry. Then the following set is open in Z:

Wi=Wi x - x W, x Cln*hn, (5.15)

The set U consists of tensors for which Assumption 5.4.1 holds in every step of the algorithm
below; its precise description is in the proof of Theorem 5.4.3, where we show it is Zariski
dense.
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Similar to Section 5.3, we denote the i-th flattening of a tensor ¢ € ®%0 CFi by
' = unfold(y, [ko - - ki, ki1 - - ky]) € Clhor k) x (i hn)

and the tensorization of a matrix ¢¢ € Cko-k)x(kit1-kn) i5 denoted by

n

Y = tensorize(V’, [k, ..., kn]) € ® fk;

=0

We are now equipped to present the parametrization algorithm for a tensor with given TT-
rank r = (r1,...,7,). The procedure is similar to the one in Lemma 5.3.2; see Algorithm 1.

Algorithm 1: Factorization factorize(e,r)
Input :¢ el C T, TT-rank r = (ry,...,7,)
Output: (Xy,..., X,) e WC Z
ro = ]-7 Qb - ¢7
fori=0ton—1do

1/Ji = unfold(¢, [7"1']{37;, ki—i—l te k’n]),

(Xi, Ri) = XR(W:E’H);

¢ = tensorize(R;, [rit1, Kit1, -, kn));
end
Xy = 9/d1;
return (Xo,..., X,)

o N O oA W N

Remark 5.4.2. Algorithm 1 works only if the rank conditions in (5.14) are satisfied. For
any ¢ with r; > r;_1k;_1, we therefore replace r; by r;_1k;_1 before running the algorithm.
Note that the procedure can also be performed starting from the right-hand side, in which
case one uses C'X-decompositions instead of X R-decompositions.

We now describe the inverse of Algorithm 1, namely the decompression procedure that
reconstructs a TT tensor from its parametrized form; see Algorithm 2.

Algorithm 2: Decompression decompress(Xo, ..., X,)
Input : (Xy,...,X,)eWCZ
Output: v €U C T,
1r:=(1,r,...,r, 1), Y = X,;
2 fori=n—-1to0do
3 R; = unfold(v, [rit1, kiy1 - kn));
4 V' = X;R;;
5
6
7

Y = tensorize(V', [ri, ki, ..., kn));
end
return v
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Theorem 5.4.3. Algorithm 2 defines a one-to-one parametrization from Z to Ty ,.. The
restriction Zg --+ Ty g to the real points is birational.

Proof. The subset U C 7T,_, consists of all tensors satisfying Assumption 5.4.1 for each X R-
factorization in Algorithm 1, i.e., the first r;,; rows of ¢* (Line 3) are linearly independent
for i = 0,...,n — 1. In other words, the matrix R; (Line 4) must have full rank, that is,
it must have some nonvanishing maximal minor, for all 7+ = 0,...,n — 1. In addition, the
first entry of X,, = R,,_; should be nonzero. We argue that this condition is algebraic in the
entries of the input tensor .

Indeed, the matrix Ry is defined as the first r; rows of 1°, which is just a reshaping of
the input tensor 1. Hence all entries of Ry are entries of the input tensor ¢. Similarly,
since ¢! and R; are both flattenings of the same tensor, all entries of R; are also entries
of Ry, and thus of the input tensor v. Proceeding in this manner, we observe that the
entries of Ry, ..., R, 1 are always entries in the original ¢. Thus the condition that R; has
a nonvanishing maximal minor for ¢ = 0,...,n — 1 is an algebraic condition in the entries of
the input tensor ¢. Hence, the open set U is Zariski dense in 7,_,.

We now prove that Algorithm 2 is a bijection from the open set & C 7,7, to the open set
W C Z. We show that it is the inverse of Algorithm 1. We proceed by induction on n. For
n = 1, the claim follows from the X R-decomposition. For general n, let (Xo,...,X,) € W
and let ¢y = decompress(Xy,...,X,). After the first iteration of the for-loop in Algo-
rithm 1, we have recovered X, and 1 is now decompress(Xj, ..., X,); this is because this
first iteration of the for-loop in Algorithm 1 undoes the last iteration of the for-loop in
Algorithm 2. By induction, the output of factorize(decompress(Xy,...,X,)) matches
(X1,...,Xn), and we have reached our conclusion. The argument for the reverse direction
is analogous.

Both maps are algebraic when we restrict to the reals. Since they are inverses, they define
birational maps. O

Remark 5.4.4. We believe that the statement that Z parametrizes 7, is contained in
[13], somewhat enigmatically. However, to the best of our knowledge, the resulting 1-to-1
parametrization of tensor train manifolds in Algorithm 2 is derived here for the first time.

The dimension of the manifold 7,7, is known in the tensor decomposition literature; see,
for example, [65]. It can also be derived from [26]|, where more general tensor network
varieties were studied. We present it here as a corollary of Theorem 5.4.3.

Corollary 5.4.5. The tensor train variety Ty, has dimension

n—1

dim(7,r) = Z(zkz —Tit1) - m+1> (H“nkn —1.

1=0



CHAPTER 5. CONSTRAINED RAYLEIGH QUOTIENT OPTIMIZATION 76

Example 5.4.6. We parameterize the tensor train variety 732 2)2,1) = P5 x P'. We map
from the open set W C Gr(2,3) x Gr(1,4) x P!. The image of a point

Xy = (1)(1] . X = (XQ:( f)
(" '

in YW under Algorithm 2 is ¢ with slices

B f _(d df _(a+bd (a+bd)f
77ZJ(1,:,:) = (( Cf) w(Q,:,I) - (6 €f) w(?),:,:) - <ac+be (CLC+b€)f) .

We illustrate Algorithm 1 with an explicit numerical example. Consider the 3 x 2 x 2 tensor
¢ of TT-rank (ro,7r1,72,73) = (1,2,1,1) whose slices are

¢(1,:,:) = (( 2) ; @Z)(Z,:,:) = (g 192) ) 1/)(3,:,:) = (:421 :2) .

Its first unfolding and decomposition in Algorithm 1 yield

o 2 3 4 6 1 0 3 4 6
w — 6 9 8 12 XO - 0 1 5 RO = < ) .
-2 -3 -4 -6 -1 0 9 8 12
4 3 6
QS(:,:,I) = (( 8) ) ¢(:,:,2) = (9 12) .

This tensor unfolds and factors as

3
6
1/}1 - 9 X1 )
12
After normalizing so that the first entry of Ry = X5 is one, the output of the algorithm is

1
Xo= 0 %) (1 3/2).

The first matrix is a point in Gr(2,3) = P2, the second is a point in Gr(1,4) = P3, and the
third is a point in P*. o

o
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5.5 Numerical Experiments

In our last section, we compute the complex critical points of (5.1) over a tensor train variety
using numerical algebraic geometry. For this, we use parameter homotopy and monodromy
methods. We report the results of our computations for small determinantal varieties as well
as for the first few instances of TT varieties that are Segre products by Theorem 5.3.6; see
Tables 5.1 and 5.2. In many of these cases, the RR degrees are given by Proposition 5.1.6.
However, we compute not only the degrees, but the actual critical points. One of our obser-
vations is that the number of local extrema is typically much smaller than the corresponding
RR degree.

We also report the degree of the nonisotropic part of the RR discriminant (see Section 5.2)
for some determinantal and TT varieties; see Tables 5.2 and 5.4. The take-away message
there is that these degrees are high, implying that the computation of the actual discriminant
polynomials are currently out of reach.

Finally, we try to gauge the quality of the low energy state solutions produced by the
DMRG and ALS algorithms by comparing to the complete list of local and global minima
produced by our numerical methods. We conclude that ALS frequently gets stuck in local
minima with suboptimal energy, although this happens less often for physical Hamiltonians;
see Table 5.5. The DMRG method does not converge to critical points of (5.1) at all.

Hamiltonians

In our experiments, whenever we look at a specific Hamiltonian H, we consider two types:

1. Random symmetric real matrices.

We generate a symmetric real matrix H € Rokn)x(ko--kn) by drawing entries from the

standard normal distribution and symmetrizing. For the ALS and DMRG experiments,
H is then expressed in tensor operator form; see [103].

2. Random Hamiltonians in second quantization.

In second-quantized form, the Schrédinger operator has the structure (see [123]):
H = Z tijaZaj + Z (ijkla;ra}akal, (516)
2

Z'7‘7'7]€7l

whereal =s® - @s®al@l® .. - @landa,=s® - ®s®a®I® - @I are the
creation and annihilation operators, respectively. Here, we have

() G =G e

The coefficients t;;, v;ju € R for 4,7, k,1 € {0,1,...,n} are chosen randomly from the
standard normal distribution. In this case, k = (2)"*!, and H is symmetric.
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Homotopy Continuation Computations

A central task in our setting is to solve polynomial systems that encode the optimization
problem (5.3) on tensor trains. There are many ways to write down such a system, for
example by using (5.2), Proposition 5.1.2, or (5.10)

We combine the two homotopy continuation methods introduced in Section 2.5 to solve
the optimization problem (5.3), in particular to compute RR degrees and to numerically de-
termine the degrees of RR discriminants. All algorithms are implemented in our Julia pack-
age TensorTrainOptimization.jl using HomotopyContinuation.jl and Oscar.jl [102],
which is provided together with the complete dataset of our experiments at:

https://zenodo.org/records/17777072.

rlm\n|2 3 4 5 6 7 8 ‘

8 18 32 50 72 98 128
61 148 295 518 833 1256
480 1220 2624 5012 8768
3881 10166 23051 46856

4 6 8 10 12 14 16
154 448 970 1784 2954 4544
5840 24924 74775 182306 386716

[\

W w w N NN — o= =
CUb Wk wN ok w

9 12 15 18 21 24
2368 7340 17552 35755 65280
460351

Table 5.1: RR degrees of determinantal varieties of m x n matrices with rank < r.

Example 5.5.1 (RR degrees). We work with the Rayleigh-Ritz optimization problem (5.6)
formulated on the sphere. Specifically, we apply Algorithm 1 to parametrize a tensor v in
tensor train format for given k and r. The function get_T returns this tensor as a vector
of polynomials in dim 7y, parameters. The critical equations of (5.6) form a polynomial
system, which we solve via the monodromy method using the entries of H as parameters.
The monodromy computation produces twice the RR degree many solutions; see the end of
Section 5.1.

We perform these computations for low-rank matrices up to size 5 and for binary tensor
train varieties up to order 6, with results reported in Tables 5.1 and 5.2. For instance, the
following command computes the first entry of Table 5.1:

get_RRdegree_monodromy ([2,2], [1])

The largest number 460 351 in Table 5.1 is the RR degree of the variety of 5 x 5 matrices of
rank 3. It was computed in approximately 205 hours, using 29.465 GB of memory.


https://zenodo.org/records/17777072
https://Oscar.jl
https://HomotopyContinuation.jl
https://TensorTrainOptimization.jl
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Proposition 5.5.2. The smallest tensor train variety which is not a Segre product or deter-
minantal variety is k = (2)% and (ry,ro,r3,74,75) = (1,2,2,2,1). Its RR degree is > 691 127.

We computed this lower bound by running the monodromy method as described above.

The computation did not terminate after 60 days. o
| k| r | codim | RR deg | time | Disc. deg | time |
3 (1)2 5 48 14s 360 1.8m
4 (1) 12 384 | 90s | 5438 3h
41 (1,2,1) 10 352 59s 6000 6.4h
5 (1)4 27 3840 | 26m
5 2,1,1 25 4608 | 33m
2,2,1) 22 2752 | 1h

6 (1) 58 | 46080 | 24h

61 (1,2,1,1,1) 56 69120 | 49h
61 (1,1,2,1,1) 56 69120 | 37h
61(1,2,2,1,1) 53 67583 | 153h
61(1,2,1,2,1) 55 134656 | 78h

Table 5.2: RR degrees and RR discriminant degrees for small tensor train varieties.

Example 5.5.3 (Optimization on Tensor Trains). The computation proceeds as in Exam-
ple 5.5.1: we first compute twice the RR degree many critical points for a random symmetric
Hamiltonian via monodromy, and then use parameter homotopy to track them to the critical
points of a given Hamiltonian H. For random real symmetric H, this parameter homotopy
is still optimal, meaning that there are RR degree many reduced solutions to the target
system.

The function TT_optimization_monodromy returns the RR degree, the number of real
critical points, and vectors of all complex and real solutions. Applying get_global_extrema
to the real solutions yields the global minimum and the corresponding ground state energy.
The function return_local_min_max identifies all real critical points that are local minima
or maxima by checking whether the Hessian of the Rayleigh-Ritz quotient is positive or
negative definite. We find that the number of local extrema is typically much smaller than
the RR degree. For example, the following command

TT_optimization_monodromy([2,2,2,2], [1,2,1]; H = M1, RRdeg = 352)

computes 352 critical points for the tensor train variety P? x (P')? and the given Hamilto-
nian M;. The global minimum value is —3.5692, with only 8 local extrema among the 352
critical points. These extremal values, computed using return_local_min_max, are listed
in Table 5.3. We repeated this for four different real symmetric matrices M,-M;5 and observe
the same pattern of very few local extrema. When we compute the local extrema of five



CHAPTER 5. CONSTRAINED RAYLEIGH QUOTIENT OPTIMIZATION 80

random Hamiltonians Hi-Hjy in second quantization, even fewer extrema can be observed.
In fact, for Hy, H, and H,4 there is only one global minimum and maximum. For the last
matrix Hs, we did not obtain any extrema and expect that the solution lies in the comple-
ment of the open set W defined in Algorithm 1, so our homotopy algorithm cannot reach it.

All ten matrices in this example are available at the Zenodo website [17]. o
‘ M ‘ Extremal values ‘ ‘ H ‘ Extremal values
M; | min: —3.5692, —3.2364, —2.4927, —1.9931; H; | min: —11.0834;
max: 2.4383, 3.4325, 3.4346, 3.4475 max: 1.2403
My | min: —3.0762, —3.023,; Hsy | min: —5.7333;
max: 1.1842, 2.352, 2.4979, 2.5777 max: 8.0021
M3 | min: —3.8648, —2.8834; Hs | min: —2.8502, —2.3294;
max: 1.7402, 1.9833, 2.0849, 3.2976 max: 5.4079, 6.4597
My | min: —4.2191, —2.4659, —2.2213; Hy | min: —2.1645;
max: 1.9474, 2.6817, 3.1394 max: 6.0279
My | min: —4.1527, —3.2442; Hs | min: -
max: 0.7862, 1.9889, 2.1986, 3.7494, 3.8863 max: -

Table 5.3: Minimum and maximum values on P? x (P!)? for Hamiltonians M;-Mj; and H,-Hs.

Physical Hamiltonians are typically very sparse, with many zero entries. Specializing
parameters cannot increase the number of complex solutions, so the number of complex
critical points for physical Hamiltonians is typically smaller than the RR degree.

Example 5.5.4 (Physical Hamiltonians). Let k = (2)® and r = (1). Consider the following
Hamiltonian which was derived by Otto Schmidt from the Bose-Hubbard model [73]:

0 0 0 0 0 0 0 0
-0.5 —-0.1 0 0 0 0 0
-01 -05 -0.1 0 0 0 0
H— 0 0 —-0.1 —-0.5 0 0 0 0
0 0 0 0 -1 =01 0 0
0 0 0 0 -01 -1 -0.1 0
0 0 0 0 0 -01 -1 0
< 0 0 0 0 0 0 -1.5

The RR degree of the corresponding 7, is 48, and for this particular Hamiltonian, (5.1) has
48 critical points. However, only 44 of them are in the open set VW defined in Algorithm 1.
In particular, the global minimum is one of the four points not in WW. More computations
with physical Hamiltonians are available at the Zenodo website |1 7]. o

Example 5.5.5 (RR discriminant degrees). We compute the degrees of the nonisotropic
component of the RR discriminant from Section 5.2. To this end, we model the parametric
ramification locus using the Lagrange multiplier equations from Example 5.5.1, augmented
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by the condition that their Jacobian is singular. The resulting polynomial system has a
positive-dimensional solution set, so we intersect it with a general affine line in the H-space
parametrized by t. The projection of the solutions onto the ¢t-coordinate yields a linear section
of the main component of the RR discriminant, and the number of such points equals its
degree. This allows us to compute the degree of the discriminant without computing the
discriminant itself, thereby avoiding a costly symbolic computation. We report these degrees

for higher-order tensors in Table 5.2 and for determinantal varieties in Table 5.4. o
|r|m\n| 2 3 4 5 6 7
1 2 24 96 240 480 840 1344
1 3 648 2304 6000 12960 24696
2] 3 | 2430 10944 |

Table 5.4: Degree of the nonisotropic part of the RR discriminant m x n matrices of rank < r.

DMRG and ALS

In practice, the ground state energy of the Hamiltonian H is computed by solving (5.1) using
the DMRG method [123]|. For its derivation, we note that Algorithm 2 can be naturally
generalized to take any tensor train (Ao, ..., A4,) € H%O Crikixrit1 a5 an input, where A; is

the collection of the (r; X r;;1) parameter matrices AZ(»ji . We denote this generalized map by

n
T H T’ikiXT’iJrl _> CkoX---Xk’n'
=0

The DMRG is a two-site version of the ALS [64], which we introduce first. A random TT
tensor is chosen as an initial guess. In each outer iteration loop (often called a sweep), every
component A; is updated independently and successively, starting at Ay and ending at A,,.
Typically, the sweep is then performed backwards (from A, to Ag). These forward and
backward sweeps are repeated until convergence.

In the ¢-th step of each sweep, only the component A; is updated. The algorithm
ensures that the left components Ag,..., A;_; are left-unitary, that is, A;Aj = I,,,, for
j=0,...,2—1, and the right components A; 1, ..., A, are right-unitary: BjB]T. = I,;, where
B; =unfold(A;,[rj, kjrj41]) for j =i+ 1,...,n. The solution of the subproblem

« (T(Agy .. 2, A, HT (Ao, . Z, ... A))

A, = argmin

ZG(CTikiXTHl <7_(1407 ce ey Z, “ e 7An)7 T(AD7 ce ey Z, P ,An)>

(5.18)

can be found by computing the eigenvectors of a significantly reduced Hamiltonian using con-
ventional methods. In a forward sweep, A; is subsequently left-orthogonalized (for example,
via a QR decomposition, setting A; < @) to prepare for the update of A;,;.



CHAPTER 5. CONSTRAINED RAYLEIGH QUOTIENT OPTIMIZATION 82

Example 5.5.6 (Correctness of ALS). For the ten matrices from Example 5.5.3, we com-
puted all critical points and classified the local minima and maxima (Table 5.3). We then ran
the ALS algorithm 1000 times per matrix, and recorded the approximations of the ground en-
ergy attained at convergence. For k = (2)* and r = (1,2, 1), these outcomes are summarized
in Table 5.5, where in the second column we also list the smallest and largest eigenvalues on
the full space. Here, V; means an approximation to the lowest eigenvalue returned by the
ALS method and C; is the number of runs out of 1000 that produced V;.

‘ M ‘ Extremal eigenvalues ‘ i ‘ (& ‘ Va ‘ Cy ‘ V3 ‘ Cs ‘ Vy ‘ Cy ‘
1 -4.7543, 2.9994 -3.5692 | 336 | -3.2364 | 332 | -2.4927 | 204 | -1.9931 | 128
2 -4.6467, 2.5529 -3.0231 | 568 | -3.0762 | 432
3 -5.4243, 3.3603 -3.8648 | 616 | -2.8834 | 384
4 -5.6478, 3.0117 -4.2191 | 710 | -2.2213 | 146 | -2.4659 | 144
5 -4.7984, 3.9884 -4.1527 | 628 | -3.2443 | 372

Table 5.5: ALS statistics for k = (2,2,2,2) and r = (1,2, 1) for symmetric matrices M;-Ms.

Comparing Tables 5.3 and 5.5 shows that ALS can converge to any local minimum with
nonzero probability. Notably, the global minimum is not necessarily the most frequently
observed outcome (see the second row of Table 5.5) and its energy can be very far from the
ground state energy in the full space. Moreover, as the problem size increases, the number of
local minima increases, and hence, empirically, ALS is increasingly likely to become trapped
in a spurious local minimum. However, for physical Hamiltonians in second quantization, the
spectrum typically contains fewer local minima, and ALS correspondingly performs better.
For the matrices Hy, H, and Hj, there is only one global minimum, resulting in a 100%
success rate of ALS. Experiments for larger cases are available online at [17]. o

Since the initial guess determines the size of each component, the ALS algorithm is
automatically constrained to the TT manifold 7,7, and the TT rank remains fixed. In
contrast, the DMRG method is rank adaptive. The initial guess is typically chosen to have
TT rank 1, ie., 7o = -+ = r, = 1. Here, all but two neighboring components (say A;
and A;;1) are fixed and orthogonalized as above. The subproblem (5.18) is then solved for
these two components simultaneously and without imposing the any constraint on r;11. This
yields a merged double component AZ"i_A'_l € Crikixkiririt2 that is subsequently decomposed to
produce new A; (left-orthogonal) and A;,;. This is typically done using a truncated SVD.
The updated rank r;,1 is chosen to meet prescribed error tolerances.

In theory, for a general initial guess and without rank restrictions, the DMRG method
will eventually find the global optimum of the unconstrained Rayleigh quotient. However,
for large systems, a maximum rank must be chosen to maintain computational feasibility.
Once this maximum rank is reached, the DMRG suffers from the same issues as ALS: it
might get stuck in local minima whose quality (in terms of the resulting energy) is unknown.
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In our experiments, we have observed another issue with the DMRG. Since we want to
compare the output of the DMRG with critical points on the manifold 7,_,, we must truncate
the ranks to the maximum rank r in each step. While the solution to the subproblem is
optimal in terms of energy, the rank truncation of the solution is not. The truncated SVD
yields the optimal approximation in the Frobenius norm but not in energy. Hence, the
DMRG does not converge to critical points of the Rayleigh quotient on the manifold, but to
other points with suboptimal energy. We do not report on the solutions of DMRG, as they
are not critical points on the manifold. The DMRG analog of Table 5.5 is available in [17].
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Chapter 6

Distance Minimization i1n the
Grassmannian of Lines

We now turn our attention to the Grassmannian Gr(2,n) of lines in projective (n — 1)-space
P7~1. It is embedded in the projective space in P()~1 as the variety of skew-symmetric
n x n matrices X = (z;;) of rank 2. The matrix entries x;; are the Pliicker coordinates. By
Proposition 3.2.2, the homogeneous prime ideal of Gr(2, n) is generated by the 4 x 4 Pfaffians
of our skew-symmetric matrix:

0 Tij  Tik Ty
Tii 0 Tik Tl .

Pf K J J = T;iTw — Ty + xarag for 1<i<j<k<i<n. (6.1
Tik —Tj 0 Th ij Lkl kgl Wbk = J = ( )

Ty —xj —x 0O

Recall from Section 3.3 that the projection Grassmannian is an affine variety. By Theo-
rem 3.6.2, one obtains the projection matrix from the Pliicker coordinates by scaling the
matrix P = X? to have trace 2. We now distinguish between the image of the squaring map

X X2 =P in P("Y) and the point in the projection Grassmannian

- 2 2
p=_- p— X? 6.2
trace(P) | X ]2 (62)

where || X||? denotes the Frobenius norm of X:
trace(P) = pri+-+-+pum = ety + 2l + -+ ,) = [1X]]°

Given two points in Gr(2,n), encoded by projection matrices P = (pi;) and Q= (Gij) as
in (6.2), we measure their distance in the Frobenius norm on the space Sym*R":

- - n 1/2
1P-all = (Sl + 2360 -0.7) 63)

1<j
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We consider the Euclidean distance problem for a subvariety M in Gr(2,n) from the
perspective of Chapter 2. The model M is a family of lines in P*~!. We are given a data
point @ which is also a line in P*~!'. This differs from the setting of Chapter 2, where the
data was generic. Our task is to compute a line P in the model M which best approximates
the given line ). Thus we wish to solve the optimization problem

Minimize ||P — Q||* subject to P € M. (6.4)

The key parameter is the Grassmann distance degree (GD degree) of M. We define this as
the number of complex critical points of (6.4) for generic @ € Gr(2,n).
The GD degree provides an algebraic alternative to the Grassmann distance complexity

due to Lerario and Rosana [36]. Their work rests on the geodesic distance, which is not an
algebraic function [36, Section 3.6].
Conway, Hardin and Sloane [30] refer to our metric (6.3) as the chordal distance, and they

report: “We have made extensive computations on ... optimal packings. These computations
have led us to conclude that the best definition of distance on Grassmannian space is the
chordal distance.” We note that the chordal distance between two lines in P*~! is equal to

1P QI = race( (P~ OF) (: -2 ctmace(PQ) = 42\~ 2, (65)

where A > p are the non-zero eigenvalues of\the product ]5(2 of the two projection matrices.
Many metrics in Grassmannian optimization are functions of the eigenvalues A and p;
see [130, Theorem 2|. The following table, derived from [130, Table 2|, shows nine options:

‘ ‘ Distance squared in A, p ‘ Minimizer ‘

Chordal 4—-2\—2u S
Geodesic arccos(v/\)? + arccos(y/71)? o
Procrustes 4 -2\ — 2\/1 o
Binet-Cauchy 1—p A
Fubini-Study arccos(v/Ap)? A
Martin —log(Ap) A
Asimov arccos(y/p)? O
Projection 1—p O
Spectral 2-2\/p O

While our focus is on the chordal distance (6.3)-(6.5), the algebraic tools introduced in this
chapter are applicable to any of the metrics above. The following example demonstrates
this.

Example 6.0.1 (Schubert surface). Let n = 5. For our model, we take the surface

Sos = {X S GT(2>5) P T12 = T13 = T14 = T15 = T23 = T24 = T34 = 0}.
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We write the model as a projection matrix P, and we fix a projection matrix Q for the data:

0 0 0 0 6 4 2 0-2
- 1 T35 To5L35 To5T4s 0 ~ 1 4 3 21 0
P=————— T25T35 .%'2 I35T45 0 Q = — 2 2 2 21.
2 2 2 35 3
T95+ 235+ Ty5 To5Tas T3sTas s 0 10 1 2 3 4
0 0 0 a35+aj;+ais 2 0 2 4 6

We define the spectral region of the pair (M, Q) as the set of all pairs A > p of eigenvalues

of the matrices PQ, where Q is fixed and P ranges over the real points of the model M.
This spectral region is shown in Figure 6.1. Its lower left corner is (3/5,0). The eigenval-

ues are bounded above by A < 1 and p < 2/5. The nonlinear boundary curve is the quartic

100A2 1 — 100M% 1 + 4907 — 100Ap® + 170\ i — 84\ + 494 — 84y + 36 = 0. (6.6)

This specifies the Pareto frontier. The map from the surface M onto the (A, p)-plane is
4-to-1. The nine metrics give rise to five distinct minimizers on the Pareto frontier. For
instance, the circle is for the geodesic distance in [$6]. The minimizer for our distance
(6.3)-(6.5), indicated by a star, satisfies xo5 = w35 = 245 = 1, and A = %ﬁ = 0.9464,
= %ﬁj’ = 0.2536, with optimal value 8/5. The curve (6.6) can be viewed as the universal
solution for all nine metrics. o

Figure 6.1: The spectral region comprises all eigenvalue pairs (A, i) as X ranges over M. The
marked points are the optimal solutions for the nine metrics on Gr(2,5) in the table above.

We now discuss the organization and contributions of this chapter. In Section 6.1 we
study the squaring map X +— X? for skew-symmetric n x n matrices X. Theorem 6.1.1
characterizes its image and fibers. The restriction to the rank 2 locus identifies Gr(2,n) with
the projection Grassmannian pGr(2,n), as shown in Theorem 3.6.2. Theorems 6.1.9 and
6.1.13 feature varieties that arise naturally from multiplying skew-symmetric matrices. In
Section 6.2 we introduce the polynomial ideals that characterize the critical points of (6.4),
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where @ is an arbitrary symmetric n x n matrix. Theorem 6.2.3 identifies what is special
about this ED problem. We use Theorem 2.4.7 to give an upper bound on the ED degree of
a unirational model in Gr(2,n); see Corollary 6.2.6.

In Section 6.3 we turn to the GD problem. Now the data point Q itself lies in pGr(2,7).
The critical ideal and the GD degree are introduced in Definition 6.3.2. Their computation
requires the removal of the algebraic cut locus. Theorem 6.3.7 explains the difference between
the ED degree and the GD degree. Section 6.4 is devoted to lines in 3-space. Models M in
Gr(2,4) have dimension one (ruled surfaces), two (congruences) and three (complexes). They
appear in computer vision [106], physics [03], and many other applications. Degree formulas
for generic complete intersection are presented in Theorem 6.4.1 and Conjecture 6.4.2.

In Section 6.5 we discuss our optimization problem for Schubert varieties in Gr(2,n).
Conjectures 6.5.1 and 6.5.4 concern the embeddings of Schubert varieties in varieties in
projection coordinates. Formulas for their ED and GD degrees are given in Theorem 6.5.6
and Conjectures 6.5.5 and 6.5.7.

6.1 Squaring Skew-Symmetric Matrices

Our starting point for this section is the map in Section 3.6 from the Grassmannian Gr(2,n)
to the projection Grassmannian pGr(2,n). A point in Gr(2,n) is the row span of a 2 x n
matrix A = (a;;), and the cocircuit matrix may be written as:

X = (z;;) = AT ((2 . )A. (6.7)

This is a skew-symmetric n X n matrix of rank 2. In what follows, we examine this passage
from Pliicker coordinates to projection coordinates from a more general perspective. Namely,
we temporarily drop the hypothesis that X has rank two.

Taking the square is a rational map from skew-symmetric matrices to symmetric matrices:

(—)? : P(A*C") --» P(Sym®*C"), X~ X2 (6.8)

This map is rational but it is not a morphism. Its base locus contains complex matrices like

X = (e Gr(2,4) C P(A’CY). (6.9)

7

1
1 0
0
0 —

0
1
-1
0

_ O O .

We write Vy2 for the Zariski closure in P(Sym®C") of the image of the squaring map (—)2.

of the set of symmetric diagonalizable matrices whose nonzero e values have multiplicity 2.

Theorem 6.1.1. The variety Vx2 has the expected dimension (?{1 It 1s the Zariski closure
n
The fiber of (—)? containing a generic rank 2r skew-symmetric n matriz X has size 2",
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The proof rests on the conjugation action of the orthogonal group O(n) on the space A?C™.
Normal forms for the orbits are given in [36, 53]. The eigenvalues can be read off of the normal
form in Gantmacher’s book [53, §XI.4|. We prefer it for that reason. The nonzero eigenvalues
of skew-symmetric matrices come in pairs . This is clear from the elementary divisors.

Lemma 6.1.2 (|53, Theorem 7]). If A # 0 and (z — \)? is an elementary divisor of a
skew-symmetric matriz X, then so is (z + A)P. Moreover, even powers of z come in pairs.

The normal form uses 2p x 2p blocks for the pair of elementary divisors (z + A\)P, and
q X q matrices for elementary divisors z¢ with ¢ odd. A generic rank 2r skew-symmetric n xn
matrix X has 2r + 1 distinct eigenvalues +A1i, ..., £\.4,0 or, if n = 2r, it has 2r eigenvalues
+A17,...,EA\2. Its normal form is a direct sum of 2 x 2 blocks and 1 x 1 zero-blocks:

X = (_OAl A&) @ (_OAQ Aﬂ(@---@ (_OA %)(@ 0 & - ®[0].  (6.10)

The example in (6.9) is a skew-symmetric matrix that cannot be put in the form (6.10). In
fact, it is already in Gantmacher’s normal form; compare with the Jordan canonical form.

Proof of Theorem 6.1.1. The squaring map commutes with the O(n)-action. Given a generic
point of rank 27 in the domain, we consider its normal form (6.10). Its image under (6.8) is

e = (G e)e (© Aoa)é"‘@(%’% f%)(@”“]@'”@[o]‘

Hence P = X? has r + 1 distinct eigenvalues (or r if n = 2r), and all nonzero eigenvalues
have multiplicity 2. The fiber over P is given by the 2" matrices which are obtained by
multiplying each \; with +1 or —1. This gives rise to 2"~! elements X in P(AC").

Since the set of full rank skew-symmetric matrices with normal form (6.10) is Zariski dense
in the domain P(A2C"), the image of this set is Zariski dense in the image variety Vx2. [

Over the real numbers R, every symmetric n X n matrix is diagonalizable. It is equivalent
to a diagonal matrix under the O(n)-action. This is not true over the complex numbers C.
It thus follows from Theorem 6.1.1 that the complex variety Vx is the Zariski closure of
the set of real symmetric matrices whose nonzero eigenvalues come in pairs. The varieties in
P(Sym®R") given by prescribed eigenvalue multiplicities were studied by Weinstein in [127].

Corollary 6.1.3. The image of the real locus P(A*R™) under (6.8) consists of negative
semidefinite matrices P € Sym*R™ whose nonzero eigenvalues have even multiplicity. If such
a matriz P has mazximal rank then every complex matriz X € N*C"™ with X% = P is real.

Proof. The first claim holds because every real skew-symmetric matrix has normal form
(6.10). Consider a real symmetric matrix P of maximal rank in the image of the squaring
map. All elementary divisors of P are linear. If X? = P, then the nonzero elementary
divisors of X are linear as well. Since P has at most one 0 eigenvalue, X has normal form
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(6.10). Furthermore, since P is negative semidefinite, the eigenvalues of X are of the form
+;4 with \; real, so X has real normal form. The matrix X is obtained from the normal
form by conjugating with a real orthogonal matrix that diagonalizes P. Hence every matrix
in the fiber is real. O]

We now discuss the ideal of the image variety Vy2. The first non-trivial case is n = 3.

Example 6.1.4 (n = 3). Here (6.8) is the Veronese embedding of P? into P°. Thus Vy: is a
surface of degree 4. Its prime ideal is generated by the 2 x 2 minors of the symmetric matrix

P11 P12 P13 100
2P —trace(P)-Ids = 2| pi2 P22 pas | — (P11 +p2+ps3) |0, 1 0. ©
P13 P23 P33 0 1

Example 6.1.5 (n = 4). The variety Vx> has dimension 5 and degree 6 in the PY of sym-
metric 4 x 4 matrices P = (p;;). Its prime ideal is generated by the 2 x 2 minors of the matrix

D11 — P22 — P33 + Paa 2p13 + 2poy 2p12 — 2p34
2p13 — 2poa —P11 — P22 + P33 + Daa 2p14 + 2pos
2p12 + 2p3y —2p14 + 2pa3 —P11 T P22 — P33 + Pas

Hence Vx2 is a cone over the Segre variety P? x P2. Its apex is the 4 x 4 identity matrix. ¢

Example 6.1.6 (n = 5,6,7). The variety Vx> has dimension 9 and degree 46 in the P* of
symmetric 5 X 5 matrices. Its ideal is minimally generated by 15 cubics. For n = 6, the degree
is 92, and its ideal contains 20 cubics. For n = 7, it has dimension 20 and degree 1072. ¢

Conjecture 6.1.7. The prime ideal of the variety Vy= is generated in degree [n/2].

The Grassmannian Gr(2,n) is the rank 2 locus in P(A?C"). The rank 2r locus is the
secant variety Sec,(Gr(2,n)). We know from Theorem 6.1.1 that the degree of the map (6.8)
is 2771 on this secant variety. For r = 1, the image of Gr(2,n) is the projective closure of
the affine variety pGr(2,n) from [34, Section 5]. We denote this by pGr(2,n) C P(Sym*C")
and we also call it the projection Grassmannian.

Remark 6.1.8. The variety pGr(2,n) has dimension 2n — 4 and degree 2(2 __24); see Propo-
sition 3.3.6. Its prime ideal has (:(2‘1) guadratic generators, namely the dntries of 2P? —
trace(P) - P. For n > 6, we also nded the 3 x 3 minors of P. A general statement appears
in Conjecture 6.5.1.

The singular locus of pGr(2,n) has dimension n — 2 and degree 2"~!. It consists of all
traceless symmetric matrices of rank 1. This is a complex variety with no real points, namely
it is the image of the Fermat quadric V(2% 4+ 23+ - - - + 22) under the second Veronese map.
This singular locus is the Zariski closure of the image under (6.8) of the O(n)-orbit of (6.18).
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The map most relevant for our application to distance optimization is the composition

9 .
P(A’C") --» P(Sym*C") --» Sym°’C", X — X*=P, P+ ———P=0P. (6.11
(N'C") - E(Sym?C") - Sym’C", P P = P (61D
The second map is the identity on the affine open chart defined by trace(P) # 0. The base
locus of the composition consists of all skew-symmetric matrices X such that trace(X?) = 0.
This is a hypersurface in P(A?C") which has no real points. For a complex point see (6.18).
The first map is (6.8). Its base locus is the set of skew-symmetric matrices X with X? = 0.

Theorem 6.1.9. The O(n)-orbit of a matriz B with k blocks (6.9) and r = n — 4k blocks
(0) has codimension 4k* + 2kr + (1) . The base locus of (6.8) is the union of all such orbits.
It has two irreducible components if  is a multiple of 4 and is irreducible otherwise.

Proof. The codimension of the orbit of B is equal to the dimension of the stabilizer {R €
SO(n) : RTBR = B}. We compute the dimension of the corresponding Lie algebra, which
is {X € A?C" : [X,B] = 0}. Let M be the direct sum of k copies of (6.9). We write

. . Y 7 .
skew-symmetric n x n matrices as X = > (:here Y and W are skew-symmetric and

ztw
Z is any 4k x r matrix. The condition [X, B] = 0 1s equivalent to [M,Y] =0 and AZ = 0.
We have (;)ggegrees of freedom to choose W. Since (6.9) has rank 2, M has nullity 2k, so we
have 2kr degfees of freedom to choose Z. We partition Y into 4 x4 blocks that commute with
(6.9), with skew-symmetric blocks on the diagonal and general blocks on the off-diagonal.
The space of skew-symmetric and general matrices that commute with (6.9) have dimensions
4 and 8 respectively, so we have 4k + 8(];) c4k2 degrees of freedom to choose Y.

The only block in the normal form [53| §XI.4] whose square is the zero matrix is (6.9);

this proves the second claim. The last clailn follows from the closure ordering of nilpotent
orbits [29, Theorem 6.2.5]. O

Example 6.1.10. By Theorem 6.1.9, the base locus of (6.8) is empty for n = 2,3. Forn = 4,
it is the Zariski closure of the O(4)-orbit of (6.9) and has two components. Its ideal is

(14 — T3, T13 + T4, T12 — T3a, Taz + oy + T34) N (T14 + Ta3, T13 — Toa, T12 + T34, T35 + T34 + T34).
For n=5,6,7, the base locus is irreducible. It is the orbit-closure of (6.9) padded by zeros. ¢
We are especially interested in the restriction of the base locus to matrices X of rank 2.

Corollary 6.1.11. The base locus of (6.8) on the Grassmannian Gr(2,n) is the O(n)-orbit
closure of the matriz (6.9) padded with zeros. It is irreducible of dimension 2n—7 forn > 5.

Proof. This follows from Theorem 6.1.9 by restricting to k =1 and r =n — 4. [

Remark 6.1.12. The base locus has codimension 3 in Gr(2,n). Its prime ideal is minimally
generated by the E}Q Pliicker quadrics and the (1”(; 1) ECntries of X?. Computations show that
%

its degree equals % (**77) (or n=4,5,...,14. The flrst values are 4,8, 20,56, 168, 528, 1716.

n—3
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A natural extension of (6.8) is the map which multiplies two skew-symmetric matrices X
and Y. This operation was studied in 1922 by Stenzel [120]. This was followed up in the linear
algebra literature throughout the 20th century. We refer to the bibliography in [71]. We
define Vxy, Vx2y2 and Vxy2x to be the varieties respectively parametrized by all products
XY, X?Y?% and XY2X, where X,Y € P(A2C"). The first two varieties lie in the space
P(C™") of all n x n matrices, while Vxy2x C P(Sym*C"). We call Vxy the Stenzel variety.
For any of these three varieties V, we write V, <5 for the subvariety consisting of matrices of
rank at most two. These are obtained by taking X and Y from the Grassmannian Gr(2,n).

Theorem 6.1.13. The Stenzel variety Vxy is the Zariski closure of diagonalizable n x n
matrices whose nonzero eigenvalues have multiplicity 2. The varieties Vxy and Vxey2 have
dimension n(n — 1) — [n/2| — 1. The varieties Vxy,<o and Vx2y2 <o have dimension 4n — 8.

Proof. Following Stenzel [120, Satz VII in Section 4], the elementary divisors of the product
XY come in pairs. The generic point in Vyy is a diagonalizable matrix with nonzero
eigenvalues of multiplicity 2. We derive the dimension of the Stenzel variety Vxy from this
description. Consider first the case where n is even. Then Vxy is the GL(n)-orbit closure of
the set of diagonal matrices diag(Ai, A1, ..., An/2, Anj2). The group GL(n) has dimension n?
and the stabilizer of the action, namely the set of invertible matrices with 2 x 2 blocks, has
dimension 4n/2 = 2n. Adding the n/2 degrees of freedom for choosing the \;, this set has
dimension n? —2n +n/2 —1 =n(n—1) — |n/2] — 1 in projective space. For odd n, we take
the orbit of diag(A1, A1, ..., Auj2, Anj2,0). The stabilizer now has size 4(n—1)/2+1 = 2n—1,
so the projective dimension is n? — (2n — 1)+ (n—1)/2—-1=n(n—1) — [n/2] — 1.

The dimension of Vyy <2 is found in the same way. We take the GL(n)-orbit closure of
diag(\1, A1,0,...,0). The dimension is n? —4 — (n —2)2 +1 —1 = 4n — 8. Finally, Vxy and
Vx2y2 have the same dimension, as do their restrictions to rank 2. We omit the proof. [J

Example 6.1.14 (n = 3). The Stenzel variety Vxy has dimension four, and it is the Segre
variety P? x P2 C IP8. Its prime ideal is generated by the 2 x 2 minors of the matrix

P11 — P22 — P33 2p12 2p13
2P — trace(P) - Idg = 2pn —p11 + P22 — P33 2pa3
< 2p31 2p32 —P11 — P22 + P33
The fourfold Vx2y2 has degree 20in P, with ideal generated by 10 cubics and 13 quartics. o

Example 6.1.15 (n = 4). The Stenzel variety Vxy has dimension 9 and degree 14 in P°.
Its ideal is generated by 15 quadrics, which look like the 4 x 4 Pfaffians of a skew-symmetric
6 x 6 matrix of linear forms. Its subvariety Vxy <2 has dimension 8 and degree 28, with
prime ideal generated by 16 quadrics. Both varieties are arithmetically Gorenstein.

The varieties Vx2y2 and Vy2y2 <o have the same dimensions as above, namely 9 and 8
respectively. The latter is defined by 28 cubics and 16 quartics, and it has degree 196. o

The variety Vyy2x arises because the symmetric matrix XY?2X has the same eigenvalues
as the non-symmetric matrix X2Y 2. These eigenvalues are real whenever X and Y are real.
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Example 6.1.16. Suppose n > 5. If n is odd then Vxy2x is the hypersurface defined by
the symmetric determinant. For even n, it is the ambient space P(Sym?C"). The variety
Vxy2x,<2 consists of n x n matrices of rank < 2; it has dimension 2n — 2 and degree %(2:__12) (
For n = 4, the dimension is one less than expected. Here, Vyxy2x is a hypersurface in the P?

of symmetric 4 x 4 matrices. Its defining polynomial has degree 6 and 260 terms. o

6.2 Critical Equations

Our main goal is to solve the optimization problem (6.4). We seek exact solutions, to be
reached by algebraic methods. This rests on polynomial equations for the critical points
as in Chapter 2. We now introduce these critical equations, both for implicit models and
parametric models. In this section, the data () is a generic symmetric matrix, and the
number of critical points is the ED degree of M. In Section 6.3, the data will come from
the projection Grassmannian.

The model M is an irreducible subvariety of Gr(2,n), which is defined over R and whose
real points are Zariski dense. Its ideal is generated by polynomials in the Pliicker coordinates:

]M = <f1,f2,...,fr> +]Gr(2,n) C R[$1J1SZ<']§TZ} (612)

Here Iy (2,n) is the ideal generated by the (}) Pliicker quadrics (6.1). We writk ¢ = codim(M).
Since the objective function factors through the squaring map (6.8), we can also work with
the variety M? in the projection Grassmanntan pGr(2,n). In this setting, the prime ideal of
the model is generated by polynomials in the ("2 1) ntries p;; of a symmetric n X n matrix.
In practice, many models M are unirationalf th¢y are given parametrically. Ideally, this
parametrization will be birational. In this case, we consider the critical equations in the ring

of polynomials in these parameters. We illustrate this by introducing our running example.
Example 6.2.1 (Chow threefold of the twisted cubic). Let M C Gr(2,4) be parametrized by
(1t B
A= <O 1ty (6.13)
The first row defines the twisted cubic curve in P3, and M is the threefold of all lines that
intersect this curve. The Chow form is the defining equation of M in Pliicker coordinates:

T12 z13 x23
det | 13 x14 + 293 724 = 0. (614)
x23 24 T34

The ideal of M? is more complicated. It has 16 minimal ¥enerators, starting with the 10
quadrics that define pGr(2,n) in P(Sym?C*). In addition, we have six more quartics, like

2p33p24p33 — 2P22P24P3s — 2D33P3a + 2D14P22P24P34 — 2P13P23P24P34 — 2P12D34D34 + 2D22P23P33P34
+2p12p2aP3sPsa — 4p13Pazp3y + 4P12P23P3s — 2033034 + P11P2aD3s + P22P2aP3s — P11P33P34

+P22P33P34 — P24P33D34 — P33P34 + 2D23Das — 2P34 — 2P14P22P23P4a + 2p13P33Pas + 2P12D23P24Das
+4p13p22p33Paa — 6p12P23P33P44 + 2]933]933]944 — D11P24P33P44 — P22P24P33D44 + p11p§3P44

—p22p§31944 + P24P§3p44 + P§3P44 — 2p23p33P34Pad + 102417:2:,41744 + 31?33]?%4;044 - P24p33p4214 - P§3Pi4~
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For our optimization problem, we prefer the cubic (6.14) or the parametrization (6.13). ¢

While our objective function |IP — Q|? is quadratic in the entries of P, the relations
P? = P and trace(P) = 2 may be used to rewrite this function so that it is linear in P:

trace((P — Q)?) = trace(P?) — 2trace(PQ) + trace(Q?) = 2 + trace(Q?) — 2trace(PQ).
This allows us to replace (6.4) with an equivalent linear optimization problem over the model:

_ max trace(PQ). (6.15)
PeM?2 CpGr(2,n)

If M? equals pGr(2,n), then all (Z) ritical points are real. They are the projections onto
the 2-dimensional @Q-invariant subspdces of R"; see Theorem 4.1.2 and |32, Section 4.

Proposition 6.2.2. Theorem 2.2.2 holds for the optimization problem (6.4). In particular,
the ED degree of a subvariety of M?* C pGr(2,n) of the projection Grassmannian is finite.

Proof. The map Q +— Vtrace(PQ) = (qu1 2q1a -+ Gnn) is surjective. Therefore Assump-
tion 2.2.1 is satisfied, and the theorem holds. ]

Written in Pliicker coordinates, our objective function in (6.15) is the rational function

trace(X?2Q)
trace(X?)

Let Jum(X) denote the Jacobian matrix of the model M. This ( atrix has
e arlabl xw he entrles
Mi

Po(X) = (6.16)

rows indexed by the generators of I, and columns indexed by th
are the partial derivatives. The rank of Ja(X) at a generic point ¢ = codim(M
The singular locus of the model M is the subvariety of P(A2C") deﬁned by the ideal I Mo

as in (2.10). The augmented Jacobian matrix jM( ) in (2.5) is the ((

sing

(1) (2) (5) C‘amx
(XQ+QX)12 (XQ+QX)13 - (XQ+ QX -1
Tu(X) = Z12 713 e Tn-1m (6.17)
Tm(X)

Up to scaling, the first row in (6.17) is the gradient of the numerator trace(X?@Q) in (6.16).
The second row is the gradient of the denominator trace(X?). We say a model M C Gr(2,n)
is ED-general if it intersects the hypersurface {trace(X?) = 0} transversely. Equivalently,
this is when the Lagrangian ideal A%l as in (2.13) is equal to the critical ideal IJ% (2.12).
When this is the case, the number of critical points may be found from Theorem 2.3.2.
Models in the Grassmannian are never ED-general, unless they are curves or surfaces:

Theorem 6.2.3. Fiz a subvariety M C Gr(2,n). If dim(M) > 3, then M is not ED-
general. If dim(M) < 2 and M is defined by general polynomials f;, then M is ED-general.
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Proof. The intersection Gr(2,n) N {trace(X?) = 0} is the O(n)-orbit closure of

0 1414 0

—10—i 121' —lo—l—i (%((Cég---@«(). (6.18)

It is also the union of the O(n)-orbits of (6.9) and (6.18). It follows from [79, Theorem 2|
that the singular locus of this union is the O(n)-orbit closure of (6.9). Corollary 6.1.11 states
that this singular locus equals Gr(2,n) N {X? = 0} and has codimension 3 in Gr(2,n). If
dim(M) > 3 then M intersects the base locus and is hence tangent to the isotropic quadric.
If dim(M) < 2 then this intersection is empty, unless the model M is very special. O

Example 6.2.4 (n = 4). The tangent curves in Proposition 6.4.3 fail to be ED-general. ¢

Theorem 6.2.3 allows us to derive formulas for the ED degrees of generic curves and
surfaces in the Grassmannian Gr(2,n). This will be carried out in Theorem 6.4.1 for the
case n = 4.

We now return to our running example. This is a threefold and hence not ED-general.

Example 6.2.5 (Chow threefold of the twisted cubic). Let f denote the Bézout determinant
in (6.14). The augmented Jacobian of the threefold M it defines in Gr(2,4) is the 4x6 matrix

Otrace(X2Q)  Otrace(X2Q) Otrace(X2Q) Otrace(X2Q) Otrace(X2Q) dtrace(X2Q)
0z12 0x13 0z14 0x23 Oz24 0x34 (
Xz X xz T x Xz
j/a (X) — 12 13 14 23 24 34
T34 —T24 T3 L14 —Z13 T12
of of of of of of
0x12 0z13 0z14 Ox23 Oz24 0x34

This matrix has linear entries in rows 1, 2, and 3, and quadratic entries in row 4. Computation
of the ideal A%t, and saturation by trace(X?), shows that this model has ED degree 42. ¢

The computation of critical equations is easier and faster when the model M is given
by a birational parametrization. This usually takes the form of a 2 x n matrix A(¢) which
depends on s parameters t = (t,ts,...,ts), and ¢ is identifiable from the rowspan of A(t).

The matrix X = X(¢) is now a function of ¢, and hence so is ¢g(X(¢)). The aim is
to compute critical points of the rational function ¢g(X(t)) with no constraints on ¢; see
Section 2.4. The critical ideal is generated by the 2 x 2 minors of the matrix

Otrace(X ()2 Otrace(X (t)? Otrace(X (t)2
trace(X (1)?Q) étl( )°Q) étz( Q). %
trace(X (f)2) ~ CweelX(@)  OuwaceX(@?) .. Otace(X(1)?)

By applying Theorem 2.4.7 to our situation, we obtain the following bound on the ED degree.
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Corollary 6.2.6. Suppose that the model M 1is parametrized by the 2 X n matrix
an(t) a,lg(t) s aln(t))
Alt) =
®) <a21(t) anlt) - as(t)

and that t = (t1,...,ts) is identifiable from the rowspan of A(t). If d is the maximal degree
among the 2 x 2 minors of A(t), then the ED degree of M is at most (s + 1)(2d — 1)°.

Proof. This is a direct consequence of Theorem 2.4.7. ]

Example 6.2.7 (s < 2,n = 4). It is possible for curves and surfaces to attain the bound in
Corollary 6.2.6. Consider a parametric model M for lines in 3-space, given by

1 alz(t) alS(t) a14(t)
' (0 1 ax(t) a24(t)) (6.19)

where a2, a3, a4 are generic polynomials of degree 3 and as3, ass are generic polynomials of
degree 1. The ED degree is 2-7 = 14 for s = 1 and 3 - 72 = 147 for s = 2. o

Example 6.2.8 (s = 3,n = 4). Consider the threefold defined by (6.19) where a2, ass, a4
are linear, deg(ai3) = 2, and deg(ay4) = 3. The rightmost 2 x 2 minor has the largest degree,
namely 4, so the upper bound in Corollary 6.2.6 is 4-73 = 1372. If the polynomials a1s,. . . ,a24
are generic, then the ED degree of this model is 337. For the Chow threefold of the twisted
cubic, with parametrization (6.13), the ED degree drops to 42. Indeed, the bound in Corol-
lary 6.2.6 cannot be attained for models of dimension greater than 2 by Theorem 6.2.3. ¢

6.3 The Grassmann Distance Degree

Our primary objective is distance optimization inside the Grassmannian. The given data is
a real 2 xn matrix B of rank 2. This represents a line in P"~1. From B, we compute a skew-
symmetric matrix Y as in (6.7), and we define @) as the image of Y under the map (6.11):

- 2 2 oo 01

Thus, in this section, the matrix () is special. It is a projection matrix in pGr(2,n). As
in the ED case, the critical points are given by a rank condition on j/a(X ) as in (6.17).
However, for data @) as in (6.20), there are now extraneous critical points X € Gr(2,n),
where jja (X) drops rank regardless of what the model is. These are critical points of the
optimization problem

trace(X2Q)
trace(X?)

As in Section 6.2, they are defined by the constraint that the augmented Jacobian matrix

Maximize subject to X € Gr(2,n). (6.21)

jé}r (2.)(X) has rank at most codim(Gr(2,n)) + 1. Here is a geometric characterization that
is reminiscent of Theorem 4.1.3:
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Proposition 6.3.1. For general real data Q in pGr(2,n), the critical points of (6.21) are
precisely the Q-invariant subspaces of dimension 2 in R™. The dimension of the variety

V( (gr@,n) ) C{Y} (6.22)
isn—2 forn=4,5, and 2n—38 forn > 6\ It is contained in the hypersurface V (trace(XY)).

Proof. Let P € pGr(2,n) be as in (6.2). Because O(n) acts transitively on pGr(2,n), we may

Ids

assume that P = 0

8) The tangent vectors to pGr(2,n) at P have the block structure

* T
P = (Bl 61 ) éor (n —2) x 2 matrices A. A subspace X is critical for (6.21) if and only if

trace(f’@) = 0 for every [3 Decomposing Q = (ngl g;;), this is equivalent to (12 = 0.
12

Hence the matrices P and Q commute. This implies the first statement.

Let Y = 1m(@) and Y+ = ker(@). By the first part of the proof, a critical subspace X
is spanned by vectors in Y and Y*. The subspaces X C Y+ form a Schubert variety of
codimension 4 in Gr(2,n). The next case, when dim(X NY) =1 and dim(X NY"+) =1, is
a transverse intersection of two Schubert varieties of codimensions n — 3 and 1 respectively.
This variety has codimension n—2 in Gr(2,n). The remaining case is X =Y. The dimension
claim follows. Finally, trace(XY') vanishes if and only if X intersects Y+ non-trivially. [

The Zariski closure of the set in (6.22) is called the extraneous critical locus. We refer to
its points as the extraneous critical points. This locus is independent of the choice of model
M. Tt consists of all critical points on the Grassmannian other than the data point.

Now, let us fix a model M and data Y, both in the Grassmannian Gr(2,n). The in-
tersection between M and the extraneous critical locus is contained in the variety defined
by the ED critical ideal Ifg?/l. That intersection can have a positive-dimensional component.
Any such component would be contained in the algebraic cut locus of the point Y, which is

Dy = {X €Gr(2,n): trace(XY) =0 .

The term cut locus comes from Riemannian geometry. It refers to the set of points in a
manifold that are connected to a given point Y by two or more length-minimizing geodesics;
see [30, Section 3|. The cut locus for the geodesic distance on Gr(2,n) is precisely the set
of real points in Dy. Indeed, for the geodesic distance problem in [3(], a generic data point
in Gr(2,n) can have infinitely many critical points in M that lie in the cut locus. However,
for smooth models, a (local) minimizer cannot be among them. This is [36, Theorem 36].

A similar phenomenon occurs for the chordal distance (6.5). Proposition 6.3.1 shows that
the hypersurface Dy can contain infinitely many critical points for (6.4), even for generic
data Y € Gr(2,n). It is remarkable that, even though the metrics used in [36] and in this
paper enjoy very different properties, the same locus plays a crucial role in both optimization
settings. For this reason we call the hypersurface Dy C Gr(2,n) the algebraic cut locus of Y.
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Definition 6.3.2. We define the GD critical ideal to be the saturation of the Lagrangian
ideal Af\g/t by (trace(XY))*>. If the model M is not ED-general, then we also saturate by
(trace(X?))>°; this will be always implicit in the following. By Proposition 6.3.1, saturating
by (trace(XY))> removes all extraneous critical points from the variety defined by the ED
critical ideal. We define the GD degree of the model M, denoted GDdegree(M), to be the
number of complex points in the variety defined by the GD critical ideal for generic data
points Y € Gr(2,n).

Example 6.3.3 (Chow threefold of the twisted cubic). The model in (6.14) has ED degree 42.
By taking data @ in the Grassmannian as in (6.20), we find that the GD degree is 10. ¢

Remark 6.3.4. We believe that the GD degree of every model M in Gr(2,n) is finite. If
this holds, then GDdegree(M) < EDdegree(M) follows. At present, we do not have a proof.

A model M in Gr(2,n) is GD-general if it satisfies the following for generic Y € Gr(2,n):
e the model M intersects the extraneous critical locus transversely, and

e the extraneous critical locus contains the intersection of the algebraic cut locus Dy
with the variety defined by the ED critical ideal.

The first condition implies that (6.22) has the expected codimension in M. The second
condition ensures that saturating by trace(XY") only removes extraneous critical points and
not genuine ones. The model Sy; from Example 6.0.1 does not satisfy the second condition:
it has a critical point in Dy that is not extraneous in the sense of Proposition 6.3.1.

If the model M is GD-general and small enough, then it will not intersect the extraneous
critical locus. In this case, the GD degree of the model agrees with the ED degree.

Example 6.3.5 (n = 4). For GD-general curves, the ED degree equals the GD degree. For
GD-general surfaces, the ED critical variety has isolated points that are extraneous. Their
number is the difference between ED and GD degrees. For GD-general threefolds, the ED
critical variety has extraneous curves. All of these extraneous points are critical for (6.21). ¢

Example 6.3.6 (n = 5). For GD-general curves and surfaces in Gr(2,5), the ED degree
equals the GD degree. For GD-general threefolds, the ED critical variety has isolated points
that are extraneous. For GD-general fourfolds, the ED critical variety contains extraneous
curves. For GD-general fivefolds, the ED critical variety contains extraneous surfaces. o

The phenomena seen in the previous two examples have the following general description.

Theorem 6.3.7. Fizn > 6 and assume that the polynomials f1,. .., f, in (6.12) are generic.
If r > 2n — 8 then EDdegree(M) = GDdegree(M). If r < 2n — 8, then EDdegree(M) >
GDdegree(M) and the ED critical variety has extraneous components of dimension 2n—8—r.

Proof. By the genericity of its defining polynomials fi, ..., f., the model M is GD-general.
The conclusion then follows from the dimension statement in Proposition 6.3.1. O]
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An immediate consequence is that GDdegree(M) < EDdegree(M) if dim(M) > 4.
A discrepancy between the ED and GD degrees means that the projection Grassmannian
pGr(2,n) is contained in the ED discriminant X of the given model M. Recall from
[37, Section 7| that ¥, is the hypersurface in P(Sym?C") for which this drop occurs, c.f.
Section 5.2. In fact, based on computations, the following stronger statement seems to hold
for many models M:

M C pGr(2,n) C Vx2 C Ty C P(Sym?C™). (6.23)

We use the term SD degree for the number of critical points when @) is generic in Vx2. The
inclusion Vx2 C ¥, in (6.23) means that the SD degree is less than the ED degree for M.
In our running example, M has SD degree 20. This is strictly between GDdegree(M) =
10 and EDdegree(M) = 42. In fact, we observed that SDdegree(M) = 2 - GDdegree(M)
whenever M is the Chow threefold of a toric curve in P?; see Section 6.4. For the Schubert
varieties S;; in Section 6.5, we conjecture that Vx> C X, if and only if i = 1 or (7, j) = (2, 3).
These families of models will be introduced in slow motion in the remaining two sections.

6.4 Lines in 3-Space

This section is devoted to the GD problem for lines in 3-space. The model M is a subvariety
of Gr(2,4). If dim(M) = 1 then the union of its lines is a ruled surface in P3. If dim(M) = 2
then it represents a line congruence, i.e. a surface of lines whose union covers P2. These are
important in computer vision [106]. The term line complex is used classically for a hypersur-
face in Gr(2,4). Such a threefold M is defined by one polynomial in the Pliicker coordinates
T12, T13, T14, T3, Tog, T34. We begin with the case of generic complete intersections in Gr(2,4).

Theorem 6.4.1. A surface in Gr(2,4) defined by generic polynomials fi and fy of degrees d;
and dy has ED degree 2dydy(d? + d3 + dydy + 3). A curve in Gr(2,4) defined by three generic
polynomials f1, f2, f3 of degrees dy, ds, ds has ED degree and GD degree 2d,dayds(dy 4 ds + d3).

Proof. These surfaces and curves are ED-general by Theorem 6.2.3, so the number of critical
points is given by Theorem 2.3.2(i) substituting e = 2, n = 5, and d3 = 2 (resp. dy = 2) for
the Pliicker quadric:

deg(I%) = (2dr-+de) - S piog o (%43) (A — 1) (de — 1)

One obtains the formulas by plugging a1 r = 2 for surfaces and r = 3 for curves. By
Example 6.3.5, the ED and GD degrees are equal for a general curve in Gr(2,4). n

Conjecture 6.4.2. The GD degree of a surface defined by generic polynomials of degrees
dy,dy is 2dydy(d?+d3+dydy+2). This is 2d;d, less than the ED degree. A threefold defined by
a generic polynomial f of degree d has ED degree 2d(d* 4 3d +2) and GD degree 2d(d> + 2d).
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The following tables show these data for surfaces and threefolds of low degree in Gr(2,4):

s | 1 9 3 4 ‘ s | 1 9 3 4 ‘ d ‘ ED degree GD degree ‘
1
1 12 40 96 192 1 10 36 184 9 468
AR TR IR
4 1632 4 16 1 624 o7
01 15| 1420 1350
ED degree of surfaces GD degree of surfaces Threelolds

Certain ruled surfaces, line congruences and line complexes arise from a given curve C
of degree d in P2. The Chow threefold of C is the set of lines that intersect C. Its defining
Pliicker polynomial has degree d. If d = 1 then the Chow threefold is the Schubert variety Si3
in Example 6.5.2. For any given line L, our GD problem asks for the line closest to L among
those that intersect C. The secant congruence of C is the set of lines that intersect C at two
points. The best known ruled surfaces are quadrics in P2. These have two rulings of lines.
Our GD problem asks for the line in a ruling that is closest to the data line L. The set of
lines tangent to C is the tangent curve in Gr(2,4). Its lines form the tangential surface of C.

We present an experimental study for toric curves C = { (1 : t“* : t“2 : ts) e P3 : t € C}.
The exponents are integers which satisfy 0 < u; < us < us and ged(ug, ug,uz) = 1. We
consider the three parametrically presented models M C Gr(2,4) that are derived from C:

e The Chow threefold: A(t,z,y) — (1 e t)(

0 1 =z wy
u1 U9 usg
e The secant surface: A(t,z) = G ;ul ;w ;u3)<

1 2 s
e The tangent curve: A(t) = B T |

These models have dimensions 3,2, 1. For the secant surface, the parametrization is two-to-
one. For the first and last, it is birational. For the curve, we found the following result:

Proposition 6.4.3. The tangent curve of C has the same ED degree and GD degree. This
degree equals 4us~+2us — 2uq, unless us = uy +us and ug is even, in which case we subtract 2.

Proof. The numerator of the derivative of the objective function, denoted f(t), has degree
4ug + 3ug +uy; — 5. The zeros of f parametrize the critical points. This tangent curve is not
ED general. Indeed, f has a factor of 314272 The remaining 4us + 2us — 2u; points are
critical. If ug = u; + ug and g is even, then trace(X (¢)?) has a factor of (t* + 1)?; therefore
f has a factor of £ + 1. These points are extraneous because t? + 1 divides trace(X (¢)?). O

The ED, SD, and GD degrees for some toric curves are shown in the following table:
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Chow threefold Secant surface Tangent curve

(u1,ug,u3) ED SD GD ED SD GD ED SD GD
(1,2,3) 42 20 10 19 15 15 14 14 14
(1,2,4) 55 26 13 62 54 54 18 18 18
(1,2,5) 68 32 16 111 98 98 22 22 22
(1,2,6) 81 38 19 170 151 151 26 26 26
(1,2,7) 94 44 22 235 209 209 30 30 30
(1,3,4) 54 24 12 59 50 50 18 18 18
(1,3,5) 71 34 17 122 108 108 24 24 24
(1,3,6) 84 40 20 179 158 158 28 28 28
(1,3,7) 97 46 23 262 234 234 32 32 32
(1,4,5) 74 36 18 113 97 97 26 26 26
(1,4,6) 87 42 21 212 189 189 30 30 30

We also tested whether the optimal line intersects the data line. For the examples above,
this happens for the Chow threefolds, but not for the secant surfaces or tangent curves.
Based on these computations, we venture the following conjectures for every curve C C P3:

Conjecture 6.4.4. The optimal line in the Chow threefold always intersects the data line.
This does not hold for the secant surface and the tangent curve.

Conjecture 6.4.5. We have SDdegree = 2 - GDdegree for the Chow threefold. For the
secant surface, SDdegree = GDdegree.

6.5 Schubert Varieties

The most prominent subvarieties of a Grassmannian are its Schubert varieties. Their metric
algebraic geometry was studied in |82, 86]. For 1 < i<j < n, write £;; for the linear space of
skew-symmetric matrices X = (x,5) such that x,; = 0 unless i < r and j < s. The Schubert
variety S;; is the intersection Gr(2,n) N L;;. We use this term for any variety obtained
from S;; by an orthogonal transformation. Note that dim(S;;) = 2n —¢ —j — 1. The two
extreme cases are S12 = Gr(2,n) and S,,—1, = one point. See also Example 6.0.1. We write
S € pGr(2,n) C P(Sym*C") for the image of the Schubert variety S;; under (6.8).
The implicit representation of the Schubert variety in Pliicker coordinates is the ideal

ideal of S;; = ideal of Gr(2,n) + z,s:7<iors<j .

We conjecture that the ideal of Sfj is generated by quadrics and cubics; see Conjecture 6.5.1.
We write P, for the 2 x n submatrix of P given by the rows r and s.

Conjecture 6.5.1. The prime ideal of Sfj is generated by the entries of 2P? — trace(P) - P,
the 3 x 3 minors of P, and the 2 x 2 minors of the submatrices P,; where r < i or s < j.

This conjecture was verified for n < 8. We next present a census for n = 4, 5.
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Example 6.5.2 (n = 4). There are six Schubert varieties in Gr(2,4), summarized as follows:

812 813 823 814 824 834 ‘

dim 4 3 2 2 1 0
mingens (0,10) (0,16) (4,6) (4,6) (7,1) (9,0)
degree 12 12 4 4 2 1
ED degree 6 10 3 3 2 1
GD degree 1 2 1 1 2 1

The rows labeled “degree” and “mingens” refer to the variety S in P(Sym*C*) = P?. The
ideal generators have degrees 1 and 2. We list their numbers. For instance, the ideal of the
surface Sa; is generated by pi1, pi2, p13, P14 and the entries of 2P % — trace(P_1)P_y, where
P_; is the 3 x 3 matrix obtained from P by deleting row 7 and column 7. The ideal of the
surface 8, is generated by pi4, Pag, p34 and Py +pas+p3s — pas plus the 2x 2 minors of P_y. o

Example 6.5.3 (n = 5). There are ten Schubert varieties in Gr(2, 5), summarized as follows:

Si2 Si3 Sa3 S1a S2a Si15 Sss Sos Szs Sis |

dim 6 5 4 4 3 3 2 2 1 0
mingens  (0,15) (0,25) (5,10) (0,40) (5,16) (5,20) (9,6) (9,6) (12,1) (14,0) | o
degree 40 40 12 28 12 8 4 4 2 1
ED degree 10 24 6 16 10 4 3 3 2 1
GD degree 1 2 1 2 2 1 1 2 2 1

The degree of Sfj depends only on the differences n — j and n —¢. Here are some values:

S|l 2 3 4 5 6 7 8 9
0 1 2 4 8 16 32 64 128 256
1 4 12 28 60 124 252 508 1020
2 1240 100 224 476 984 2004
3 40 140 364 840 1824 3828
4 140 504 1344 3168 6996
5 504 1848 5016 12012
6 1848 6864 18876
7 6864 25740

When n = j, the variety S?, is the Veronese square v(P"~~!). This explains the powers of
two in the n — 7 = 0 row. Rows 1-7 match the OEIS sequence A201385 up to a factor of 4.

Conjecture 6.5.4. For j < n, the varieties S} satisfy deg(S7, ;) =4(2"" —1) and
deg(Sfj) = deg(SfH’j) + deg(Ssz) where deg(SJZj) =0.

The solution to this recursion is deg(S?) = Z":i__lj L)+ 2(2<_ni_j _1)(
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The ED degree was found in [32, Corollary 4.5| for a special class of Schubert varieties:

EDdegree(S; i+1) = ("_;H) {and EDdegree(S;,) = n — 1.

For the general case we have the following conjecture:

Conjecture 6.5.5. If 1 < j — 1, then the ED degree of the Schubert variety S;; equals
EDdegree(S;;) = 2(n—j+ 1% —i) — (n—j+ 1)(n — ).

We verified Conjecture 6.5.5 for n < 12 with Grobner basis computations over finite fields
in Maple. For n = 13, 14 we verified the conjecture in HomotopyContinuation. j1 [20].
There is a dramatic drop from the ED degree to the GD degree for Schubert varieties.

Theorem 6.5.6. The n Schubert varieties Sia, Sa3, ..., Sp—1n, Sin have GD degree 1. The
minimizer is obtained from the data point by zeroing out appropriate Pliicker coordinates.

The proof of Theorem 6.5.6 is given at the end of this section. For all other Schubert
varieties we put forth the following remarkable conjecture. This was verified for n < 12.

Conjecture 6.5.7. If 1 < j —i < n — 1, then the Schubert variety S;; has GD degree 2.

Example 6.5.8 (Schubert curves). Consider the curve S,_», and write the data as

n—3 n—3 n—3
_ (b1 b2 o by 1 B0 2. 2 o 2 2
B - ( b b L8 0) (oo .—Zbi,bc.—Z(Iq, 2=y e
i=1 i=1 i=1

This model has GD degree 2. A computation shows that the optimal solutions are

a0 = (05800 )(
whete ((—c—1)3+bc7) £ + <f+l>ﬁ22bcﬁv+b2v231>f DBty = 0. o

For fixed data Q € pGr(2,n) define a map 05 Mrp — R

model that sends X to the pair (A, jz), where A > 1 are the nonzero eigenvalues of PQ where
Pisasin (6.2). We call the image of 05 the spectral region of the pair (M, Q); see Figure 6.1.

from the real locus of the

Remark 6.5.9. To compute the spectral region, we consider the variety in M x C? given by
the ideal I+ det(A1d, — PQ), det(u1d, — PQ) . Consider the map from that variety onto
the second factor C2. The branch locus of this map can be computed using elimination. It is
the algebraic boundary of the spectral region. This is how the quartic in (6.6) was computed.
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Our problem (6.4) asks for the maximum coordinate sum A + p over the spectral region.
There are many ways to assign reasonable metrics to homogeneous spaces; see, e.g., |7]|. For
other metrics on Gr(2,n), like that in [30], other monotone functions in A, ;1 are maximized.
Multi-objective distance optimization on M C Gr(2,n) means identifying the Pareto frontier
of the spectral region. That frontier is a subset of the algebraic boundary in Remark 6.5.9.
We say that the model M is snug if the Pareto frontier is a single point for all data Q.

We now give bounds on the spectral region and characterize the snug Schubert varieties.
Fix E; = diag(0,0,...,0,1,1,...,1), where j—1 entries are zero. For an n xn matrix M with
real eigenvalues, we write the eigenvalues in decreasing order, i.e., Ay (M) > --- > X, (M).

Theorem 6.5.10. I[P € Sij, then A<M (QFE;) and p<min(\(QE;), \(QE;)). Both bounds
are attained for all Q) € pGr(2,n) if and only if S;; is snug if and only if i=1 or j—i = 1.

The last condition shows that among the (g) chubert varieties, only 2n — 3 are snug.
To prove Theorem 6.5.10 we need the lemma below, which follows from [124, Theorem 1].

Lemma 6.5.11. Let P, € pGr(ky,n), Py € pGr(ke,n), and let S € pGr(k,n) be the or-
thogonal projection onto the intersection of the linear spaces represented by P, and P,. Let
Q € Sym®R" be a projection matriz, i.e., Q* = Q. Then fori=1,...,n — (ks — k) we have

M(QP1) > N(QS) > Nigry1(QF).

Proof of Theorem 6.5.10. Taking P, = E;, P, = P and Q = Q in Lemma 6.5.11 yields the
inequalities A < A\ (QE;) and p < \(QF;). Taking instead P, = E; in Lemma 6.5.11 yields
the inequality p < )\1(C~2Ej). This proves the first assertion.

We turn to the second assertion. First let i=1,j<n, so S;; = {P : dim(P N E;) = 1}.
Let {q1,¢2} and {f1, f2,...} be orthonormal bases for the subspaces Q and E; such that

(g1, /1) = \/M(QE;) and (g, fo) = 2(QE;). Let P denote the orthogonal projection

onto the span of f; and gz, so A = M(QR) and = A\y(QP). This implies A = 1 = (go, g2)?
and p = M\(QFE;) = (q1, f1)?, so the upper bounds are attained.
Next consider the Schubert variety S; ;41 = {P : P C E;}. Let {q1,¢} and {f1, fa,...}

be orthonormal bases for Q and E; respectively such that (q, f1) = 1(QEZ) and (qa, fo) =

2(QF;). The desired minimizer P is the orthogonal projection ontd (fi, f).
t remains to be shown that none of the other Schubert varieties are snug. Consider

Sij == { : dun(]sﬂ E}) =1 and ﬁ g Ez = Slj N Si,i+1~

There exists a matrix @Q such that M\y(QE;) < A\ (QE;). The inequalities A < A\ (QF;)
and p < )\Q(QEZ-) are attained by the minimizer of (6.4) over S; 11, which strictly contains
Sij. Generically, the minimizer intersects E; trivially, so it is not contained in §;;. By the
uniqueness of the principal vectors, the bounds cannot be simultaneously achieved. ]
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Proof of Theorem 6.5.6. We prove the claim for S; ;1. The argument is similar for §y,,. Fix

B — biy <o+ biic1r 10 Do o0 bip

bar -+ baic1r 01 bajyo - Doy
By the proof of Theorem 6.5.10, the solution of (6.4) for M = §;,;;; is the orthogonal
projection of the row span of B onto £;. This is found by setting by; = by; = 0 for j =

1,...,i— 1. Hence the minimizer of (6.4) is a rational function of the data, and so the GD
degree is one. O

In summary, we have introduced the Grassmann distance degree of a subvariety of the
Grassmannian. We have described the conditions under which the ED degree of a model
agrees with its GD degree. We have studied the GD degrees of generic complete intersections
and geometrically meaningful subvarieties in Gr(2,4) and classified the Schubert varieties of
GD degree one.

Over the last three chapters, we have studied polynomial optimization problems on Grass-
mannians and related varieties. In Chapter 4, we saw that the critical points sets of opti-
mization problems from linear algebra and statistics can be described in terms of the spectra
of the data matrices. In Chapter 5, we studied a constrained Rayleigh quotient optimization
problem. We described the discriminant of this optimization problem for small varieties; this
is a promising direction for further study. Finally, in Chapter 6, we considered the prob-
lem of minimizing a linear function on a subvariety of the projection Grassmannian, with
data in the Grassmannian. There are many interesting directions for future work, including
studying ED discriminants of subvarieties of the Grassmannians and extending our results to
other Grassmannians. One more direction is the development a general theory for distance
optimization on a subvariety of a variety with data in that same variety.
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Part 111

Likelihood Geometry of Determinantal
Point Processes



106

The determinantal point process (DPP) for discrete random variables is a statistical
model whose states are the subsets of a finite set [n] = {1,2,...,n}. DPPs elegantly model
negative correlation, meaning that they naturally select for diverse subsets of the ground set.
This model is ubiquitous in probability theory [12, 67, 92|, statistical physics [93], algebraic
combinatorics [13], and machine learning |30, 81].

A DPP is a random variable Z on the power set 2" of the finite set such that Prob(I C
Z) = det(Ky), where K is an n X n symmetric matrix with eigenvalues in [0, 1] and K is
the principal submatrix of K whose rows and columns are indexed by I. The matrix K is
the kernel of the DPP and encodes the similarity of the elements of the ground set [n].

We study maximum likelihood estimation for determinantal point processes. Given some
data (ur) eqm, we seek the maximizer of the log-likelihood function

Lu(q) = 2]61 log(qr) — (Y wr) (g (> q1)< (7.1)

ICln IC[n) IC[n)

where the vector ¢ = (qr)ecom is an unknown probability distribution coming from a DPP,
up to scaling. The maximizer of L,, called the mazimum likelihood estimate (MLE), is the
point on the DPP model that best explains the data u. The number of complex critical
points of (7.1) for generic data u is the ML degree of the model; see Section 2.1.

To count the critical points of (7.1), we need a precise description of the constraints on
(q1)7eomi- In particular, we need the probability ¢; = Prob(I = Z) of observing a set I,
rather than Prob(I C Z). We discuss two scenarios in which there are nice formulae for ¢;.

In order for K to define a probability distribution, its eigenvalues must lie in the interval
0, 1]. If the eigenvalues of K lie in the interior (0, 1), then the corresponding DPP is called
an L-ensemble and it is parametrized by a positive-definite symmetric n xn matrix © = (6,;).
This is the setting of Chapter 7. The matrices K and © are related by

0=K(d, - K)! K=00d,+06)"!

see [23]. Note that the matrix © is typically denoted L in the statistics literature. In our
model, the probability Prob(Z = I) of observing a subset I is proportional to the principal
minor det(©O;) indexed by that subset. In symbols,

pr = det(0))/Z for I C [n]. (7.2)

Here det(©y) = 1, and the partition function is given by the sum of all 2" principal minors:

7 — ZGet(@I) = det(© + 1d,),

IC[n]

where Id,, denotes the identity matrix of size n X n. The maximum likelihood estimation
problem can then be solved by maximizing (7.1) subject to the constraint that ¢ is in the
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image of the principal minor map; see [101]. Practitioners use the unconstrained, parametric
log-likelihood function

L(0)=)" Cl log(det(©7)) — (> ur) fg(det(@ +1d,)). (7.3)

ICn] ICn]

In Theorem 7.2.1, we express the number of critical points of the parametric log-likelihood
function in terms of the ML degree of the hyperdeterminantal variety.

We now discuss the second scenario. If the eigenvalues of K are on the boundary {0, 1} of
the interval [0, 1], then K parameterizes a projection DPP. This is the setting of Chapter 8.
Since K satisfies its minimal polynomial and is real symmetric we have K? = K and hence K
is the unique orthogonal projection matrix onto its image. In other words, K is a point in the
projection Grassmannian Gr(rank(K'),n). In Chapter 8, we denote K by P for “projection.”
The state space of a projection DPP with kernel P is the set of k-subsets of [n], denoted
([Z]), and the probability of observing a k-subset I is q; = det(FP;). Now the maximum
likelihood estimation problem can be solved by maximizing (7.1) subject to the constraint
that ¢ is in the image of a degeneration of the principal minor map; see |2, Section 6]. When
k = 2, all complex critical points of the log-likelihood function are real, positive, and local
maxima (Theorem 8.1.5). We also give a formula for the ML degree of the Grassmannian
(Theorem 8.6.2).

In Chapter 9, we introduce squared linear models, which share the property that all com-
plex critical points of the log-likelihood function are local maxima. We go further for these
models, by describing the ideal of the likelihood correspondence (Section 9.3), degenerate
solutions (Section 9.4), and log-Voronoi cells (Section 9.5). We conclude with a discussion
of projection DPPs that are also squared linear models, called linear DPPs, (Section 9.6).
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Chapter 7

Likelihood Geometry of L-Ensembles

The motivation for this chapter is the work on likelihood inference by Brunel, Moitra, Rigollet
and Urschel [23]. We shall answer their question [23, Conjecture 12] about critical points of
the log-likelihood function for L-ensembles.

The model M,, N Agn_; for L-ensembles on [n] is the image of real symmetric positive-
definite matrices under the principal minor map. The variety M, is cut out by the hyperde-
terminantal ideal that was studied by Holtz-Sturmfels [66], Oeding [101], and Al Ahmadieh-
Vinzant [2]. In the first non-trivial case n = 3, our model is the zero set (in A; or in P7) of
the hyperdeterminant of format 2 x 2 x 2, which is the quartic

Det = ¢5u00t1 + Bo19i10 + G190 + 109501 + 4G0009011¢1019110 + 44001G0109100¢111
— 2¢000900191109111 — 2¢000901091014111 — 2¢000901191004111 (7-4)
— 24001901091019110 — 2G001901191009110 — 24¢010901191004101 -

In (7.4), binary strings of length 3 represent subsets of [3] = {1,2,3}. For n > 4, one takes
all occurrences of the hyperdeterminant (7.4) in a tensor of format 2x2x---x 2 to cut out V,
[101]. A different representation of the variety M,, was found by Al Ahmadieh-Vinzant [2].

We consider the restriction of (7.1) to the hyperdeterminantal variety M,,. For small n,

MLdegree(Ms) =1 and MLdegree(Mj) = 13. (7.5)

The number 13 for the hyperdeterminant was computed in [39, Example 2.2.10]. The num-
ber 1 arises because My = P3. But even this tiny case is interesting, as we shall see in
Example 7.0.1. The DPP model is a semialgebraic set M,, of dimension ("2 1) i the simplex
Asn_1 whose points are the probability distributions on 2.

In machine learning [23, 59, 80, |, one uses the parametric form of the log-likelihood
(7.3). Grigorescu, Juba, Wimmer and Xie [59] showed that computing the maximum of this
log-likelihood function is an NP-complete problem. This was conjectured by Kulesza [30].

The next example illustrates the distinction between the formulations in (7.1) and (7.3).
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Example 7.0.1 (n = 2). We write gy, u, us, u1o for the observed counts of subsets of {1,2}.
The model M is given by the principal minors of a 2 x 2 matrix © = (6;;), namely

1 0 0 011055 — 62
qp = 7 G = %7 q2 = %7 12 = %, where Z=911922—9%2+911+922+1-

We view L, (q) = uglog(gp)+uilog(q1)+uslog(ga)+uizlog(gi2) as a function of 011, 612, Oz Set-
ting its partial derivatives to zero gives three rational function equations in three unknowns.
The solutions ©* of these equations are the critical points of L,. A computation reveals

U VU U2 —Upl U Up+u U +U
= Bl = E T By = Do By = D 01 =0, 6y = SR (76)
Ug Up Ug Up+Ua Up+Uy
From the implicit perspective emphasized in [68], there is one solution. Its two preimages
under the 2-1 parametrization of My are shown on the left in (7.6). On the right in (7.6) is
a ramification point of that 2-1 map. It is not a critical point of (7.1) on My = P3. o

In Section 7.1, we offer a detailed investigation of the case n = 3. In particular, we present
our counterexample to |23, Conjecture 12|. The number of critical points of the parametric
log-likelihood (7.3) is found to be 4-1342-1+2-142-1+1 = 59. This is the n = 3 analogue to
the count 2-141 for the three solutions (7.6) in Example 7.0.1. Section 7.2 features a general
formula for counting complex critical points when n is arbitrary. This involves contributions
from all possible block decompositions of the matrix ©. These decompositions are called
partial decouplings in the DPP literature. Our Theorem 7.2.1 generalizes |23, Theorem 11|,
where it is assumed that the data vector u lies on the model M,,. In Section 7.3, we apply
numerical methods to our problem. Going well beyond (7.5), we compute some solutions
for n = 4,5 with the software HomotopyContinuation. j1 [20]. After replacing (7.2) with a
birational parametrization, we apply the monodromy method (see Section 2.5) for rational
likelihood equations in [1, 121]. The focus is on solutions that are real and positive-definite.

7.1 Three-by-three Matrices

In this section, we examine the likelihood geometry of the DPP model with n = 3. The
model parameters are the six entries 6;; of the symmetric 3 x 3 matrix ©. Fix any data vector
u = (ug, uy, ug, us, Ura, U1s, Uss, U123). The sum of its eight coordinates u; is the sample size
of the data, here denoted |u|. The parametric log-likelihood function (7.3) equals

L, = uylog(f11) + uslog(haz) + uzlog(bss) + uizlog(b11622—6%,) + urs 10g(911933—9%3)

7.7
+ug3 10g(0a2033—035) + w123 log(det(©)) — \u|log(det(@+ld3)).( (7.7)

Setting the partial derivatives of L, to zero gives six rational function equations in six
unknowns. The solutions to these equations are the critical points of L,. Our theory in
Section 7.3 predicts 59 critical points when the data vector u is generic. Among these
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are 4 - 13 = 52 solutions arising from critical points of (7.1) on the hyperdeterminantal
hypersurface M3. These critical points ©* have 0;; # 0 for all 7, j. The clusters of four arise
by multiplying two of the three off-diagonal entries 6;; by —1. This does not change the
distribution p* € Ms.

The other 7 =14 3(2 - 1) critical points of (7.3) are extraneous, in the sense that they
do not come from critical points of (7.1) on Ms. This is analogous to the point on the right

in (7.6). One of the seven special solutions is the diagonal matrix ©* = diag(6;,, 65,, 65), with

U1+ U2+ U3+ U123
b
Up + Uz + U3 + Usgz

« _ Ugtuip+uzz+uios
22 — )
up + U + Uz + U3

« Uzt Uiztugztuioz
33 = :
Up + up + ug + U2

* —_—
011 -

(7.8)

The other six special solutions come in three pairs, one for each decomposition of a 3 x 3
matrix into a 2 X 2 block and a 1 x 1 block. One such pair of critical points has the form

n 0 0
0 0 o

where 603, is the expression on the right in (7.8), and the other three entries in (7.9) are

% _U1+U13
11 — )
Up + U3

« _UQ+U23
y V22 T
Up + U3

0 — 4 V(i tung) (uptuss) — (uptug) (urz+uig)
12 \ Ug + Us

We now move away from the hypothesis that the data are generic. Namely, we make the
assumption that u lies on the variety M,,. In fact, we even assume that uiwu lies in the model,
meaning that it is the vector of principal minors of some real symmetric n x n matrix. This
is the standing assumption on the data in the article [23] to which we shall turn shortly.

. (7.10)

Example 7.1.1 (Data in the model). We consider the following data for n = 3:

(U@,Ul,UQ,Ug,U12,U13,U23,U123> = (1,8,22, 18, ]_5]., 135,360, 2412) (711)
This vector lies in the model because its entries are the principal minors of any of the matrices
8 5 3 8§ =5 -3 8 —5H 3 8 5 =3
52 6|.,0-5 22 6,5 2 —6|,|,5 22 —6].
6 18 ( (3 6 18 3 —6 18 ( 3 —6 18 (
By construction, these'are‘the four global maxima of the log*likélihood function in (7.7), and

they map to the global maximum of (7.1) on Mj3. Among the other 12 complex critical points
on M3, six are real and lie on M3. Four of these correspond to the positive-definite matrices

(7.12)

07, = 7.72799090116006
07, = 1.87300176302618
03, = 0.82526924316919

07, = 7.56880693316022
075 = 0.86306207237349
055 = 4.79253523095731

07, = 4.14366972540362
03, = 20.1464857136673
03, = 16.4735825997691

07, = 4.28496510066628
0z, = 21.3776618810445
03, = 17.0982120638953

07, = 6.92478592243203
07, = 1.80374923458180
03, = 4.44778298807768

07, = 7.57820456385679
075 = 0.98046698151082
05 = 3.86656494286390

07, = 0.42796700405714
03, = 19.2531487326101
03, = 17.4175047796638

07, = —3.8397212783772
035, = 20.9281938578911
05, = 17.1007249363163.
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In addition, the parametric log-likelihood (7.7) has seven more critical points with a block
structure. These are obtained by substituting (7.11) into the formulas (7.8), (7.9), (7.10). ©

We now turn to the approach of Brunel, Moitra, Rigollet and Urschel [23], and we present
a counterexample to [23, Conjecture 12|, which states that there are no critical points other
than those obtained from partial decouplings. Partial decouplings correspond to the block
decompositions we saw in (7.6), (7.8) and (7.9). We discuss these in Section 7.2 for general n.

The set-up in [23] uses the parametric form (7.3) of the log-likelihood, i.e., L,, is a function
on the cone of positive-definite n xn matrices. Furthermore, [23] assumes that the data vector
u is sampled from the model M,,. When w is given by the principal minors of some positive-
definite n X n matrix, |23, Theorem 11| shows that all partial decouplings are critical points
of L,. This includes the empirical distribution p* = ‘—11L|u, which is the only critical point
from partial decouplings with full support. There are exponentially many critical points from
partial decouplings, and the question is whether these are all. We show that the answer is no.

Proposition 7.1.2. For n = 3, the log-likelihood function in © given by some u € Ms has
critical points that do not correspond to partial decouplings. This resolves [23, Conjecture 12].

Proof. The proof is furnished by Example 7.1.1. The log-likelihood function L, for w in
(7.11) has 28 fully-supported real critical points, 20 of which are positive-definite. The four
matrices in (7.12) are the global maxima. Below that, we show matrix representatives for
four positive-definite critical points not corresponding to partial decouplings. O

7.2 Partial Decouplings

We saw that some of the critical points of the parametric log-likelihood (7.3) are matrices
©* with a block decomposition. These were called partial decouplings in [23]. Such critical
points were characterized in [23, Theorem 11|, under the hypothesis that the data vector
u lies in the model M,,. In what follows we offer a generalization of that result. We no
longer assume u € M,,. From now on, we allow u = (uy : I C [n]) to be any complex vector
of length 2". If u is generic, then all critical points of (7.1) on M, have fully supported
preimages under the principal minor map. We write pu,, for the ML degree of the projective
variety M,,. We know from (7.5) that uy = pe = 1 and pg = 13. In the next section we
shall show that py = 3526.

Recall that a set partition of [n] = {1,2,...,n} is a set 7 = {m,..., 7}, where the
m; are non-empty pairwise disjoint subsets of [n] whose union equals [n]. We write II,, for
the set of all set partitions of [n]. The cardinality |II,| is the Bell number, which equals
2,5,15,52,203,877 for n = 2,3,4,5,6,7. See Examples 7.2.2 and 7.2.3 for the cases n = 3, 4.

Theorem 7.2.1. The critical points ©* of the parametric log-likelihood function L, in (7.3)
are found by solving various likelihood equations on submodels M, forr <n. Ifu is generic,
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in the sense of algebraic geometry, then the total number of complex critical points of L., is

||

2 H(f“* Wi >-( (7.13)

well, i=1

Given a partition m = {my,..., 7}, the upper limit |xr| = k is the number of parts of
7. The phrase “generic in the sense of algebraic geometry” means that there exists a proper
subvariety in the data space R?" such that the statement holds for all vectors u outside that
variety. In particular, it holds with probability one for a randomly selected vector u € R?".

Example 7.2.2. For n = 3, we have Il3 = { ,2,3}4,{12,3},{13,2},{23,1},{123} . Thus
the number (7.13) of critical pointsis 1-1 + 2-1{+2-14+2-1+4-13 = 59. These 59 solutions
were described in Section 7.1, with an explicit ‘\numerical instance in Example 7.1.1. o

Example 7.2.3. For n = 4, there are 28 441 critical points. The sum (7.13) is over the 15 set
partitions of [4]. The biggest summand is 271 - 3526 = 28 208, for 7 = {1234} with k = 1.
The partitions with £ > 2 contribute the summands 52, 52,52,52,4,4,4,2,2,2,2,2.2,1. ¢

Proof of Theorem 7.2.1. We fix one partition 7 = {my,...,m} in II,. Suppose that O is
a symmetric n X n matrix that has the block structure 7, so some of the entries are zero.
However, all nonzero entries of © are distinct unknowns. We write © = 0, ©0,,® --- $O,,.

Let L,(©) denote the evaluation of the log-likelihood function at the block matrix ©.
Then, L,(©) is a function in 5, (lﬂ’gﬂ) unknowns, namely the entries of the & blocks ©,.
Assuming u to be generic, we count critical points ©* for which all entries in the blocks O}
are nonzero. We claim that the total number of these critical points is equal to

k

H( ﬂi|_l:u\7ri\)‘ (7.14)

i=1
Our 7-restricted log-likelihood function admits an additive decomposition

k

L,(O) = Z(U@)(@m). (7.15)

i=1
Here v is a vector in R2™'| indexed by subsets of m;, that is obtained from u by a linear
transformation. To see this, we use the following identity for the minors of our block matrix:

k k
log(det(©r)) = log( [ ] fet(©1nr,)) Z (det(Orny,))  for all I C [n].

=1 =1

The analogous decomposition holds for the log-partition function log(Z) = log(det(©-+1d,,)).
From this we conclude that (7.15) holds if we define the restricted data vector v as follows:

):Z{‘Cifg[n]and[ﬂm:J for all J C ;.



CHAPTER 7. LIKELIHOOD GEOMETRY OF L-ENSEMBLES 113

The number of fully supported critical points of L,u) (O,) is equal to 2|”i|*1,u|m‘. Indeed,
the data vector v(¥ is still generic, and we are computing critical points on the variety Mz,
Each critical point on M, comes from a cluster of 2/7!=! critical matrices ©% . Since
the summands in (7.15) involve disjoint sets of unknowns, these critical points combine for
i =1,..., k. Therefore, the total number of critical points of L,(0) is the product in (7.14).
The next step is to show that the points above are critical points of L,(0©), where O is
now an nxn matrix with all ("é:) Cntries distinct unknowns. To see this, consider the partial
derivative of L, (©) with respect to any off-diagonal parameter 6;;. This partial derivative
is an element of the ring R that iS obtained by localizing the polynomial ring R[O] at the
product of Z and all principal minors of ©. We claim that 0L, /08;; lies in the following ideal
of R, where the intersection is over all 2"~2 partitions K U L = [n] with i € K and j € L:

0L./00; € () Ou:keKlcL. (7.16)

K>i,L3j

Let Z be the ideal generated by the monomials in ddet(©)/06;;. We claim that the ideals
on the right side of (7.16) are associated primes of Z. Namely, (6, : k€ K,l € L) = (Z : a)
where a = [[{On,n, : (h1,h2) € KXK U LxL}. Since Z is a monomial ideal, it suffices to
show the following: if m is a monomial, then there exists a monomial in ddet(©)/06,; which
divides ma if and only if #;; divides m from some k£ € K and [ € L. Every monomial in the
determinant has the form s = [[}_, 0ho(n) for some permutation o. Suppose that ds/06;;
is nonzero and divides ma. Then (i) must be j. Since i € K and j € L, for o to be a
bijection, there must be some k € K and [ € L such that o(l) = k. Since 6, cannot divide
a, but 0y, divides 0s/00;;, which, in turn, divides ma, it follows that 6y, = 6, divides m.

Now suppose 0y divides m and let s = [[;_, Ohon) where o = (i j L k) if k # i and [ # j,
o=@Gjl)ifk=diandl#j,o=(ijk)ifk#iandl=j,ando=(ij)if k=iand [ =j.
Up to scaling, 0s/06;; = s/6;;, which divides ma, as ), divides m and s/(6;;6,) divides a.
This concludes the proof of our claim that (6 : k€ K,l € L) = (Z : a).

The same statement holds when O is replaced by © + Id,, or any principal submatrix ©;.
Since 0L, /06;; is in the ideal of these determinants, we have established the inclusion (7.16).

Now, fix any set partition m € II,,, and suppose that ¢ and j lie in distinct blocks of .
The partial derivative 0L, /06;; vanishes identically when the full matrix © is replaced by
the block matrix ©,, @ --- @ O,. This follows from (7.16). This vanishing property shows
that the block matrices ©} @ --- @© O} derived above are, in fact, critical points of L,(©).

At this point, we know that (7.14) is a lower bound for the number of critical points. The
final step in our proof is to show that no further critical points exist. To see this, let ©* be
any critical point of the parametric log-likelihood (7.3). Suppose that the support of ©* is
not contained in any proper block structure. Then its fiber over M,, consists of 2”71 distinct
matrices, which are reduced points in that fiber. This implies that the common image in
M., of the 2"~! matrices is a critical point of (7.1). Hence ©* was counted in (7.14), by the
summand for 7 = {[n]}. If u is generic then we can conclude that ©* has no zero coordinates.

It remains to consider critical points ©* that conform to the block structure for some
partition K U L = [n], i.e. 0}, = 0 for all £ € K and [ € L. We apply the previous
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argument inductively to the respective blocks O} and ©7, and eventually we arrive at ©* =
©r @ --- @0} for some partition 7 of [n]. This means that ©* was counted in (7.14). [

We have shown that, for generic data vectors u, the support of each critical point ©* is
precisely given by one of the block structures. This property can fail when u is not generic.

Example 7.2.4. Fixn =3 and u = (2,1,3,7,9,10,19,22). Then L, has 59 distinct critical
points, as in Example 7.2.2, with 52 from the trivial partition 7 = {123}. One of these is

()

The zero entry 07, = 0 is accidental, not due to any block structure. Here, u is not generic. ¢

*

W O
N W N

It is now instructive to revisit the implicit formulation of our MLE problem. We seek
points p on the hyperdeterminant V (Det) C P7 such that the following matrix has rank < 2:

Up (51 Ug us U2 U13 U3 U123
Pooo P1oo DPo1o Poo1 P110 P1o1 Po11 P11

dDet dDet dDet ODet ODet ODet dDet dDet
000 Bpaoo P10 dp100 Po1o dpo1o Poo1 Opoo1 P110 dp110 P1o 0139p101 ponapou Pn U 3pi11

to lie in the singular locus of V' (Det), i.e. the three flattenings of the 2 x 2 x 2 tensor p are 2 x4

We require each coordinate p;;, to be non-zero, and also Zizpijk # 0. We further disallow p
matrices of rank 2. This system has 13 solutions, even for the special v in Example 7.2.4.

7.3 Numerical Computations

We now discuss the solution of the likelihood equations using methods from numerical alge-
braic geometry. For our computations we use the software HomotopyContinuation. j1 due
to Breiding and Timme [20] with the certification feature in [21]. Our approach is based on
the monodromy method (see Section 2.5) for rational likelihood equations that was developed
in [1, 121].

The underlying idea is as follows. We consider the likelihood equations VL, (©) = 0 where
both v and © are unknowns. These define the parametric likelihood correspondence. In
contrast, with Section 2.4, we do not saturate out the ramification points:

{6* € Sym> C"\H : 0L, /90;;(©7) = 0}. (7.17)

where H = {©* € Sym*C t [Licpy det(©7) = 0}. This likelihood correspondence has
many irreducible components, one for each set partition 7 € II,. This is the geometric
interpretation of Theorem 7.2.1. The parametric likelihood correspondence Py, in the sense
of Section 2.4 is the main component of (7.17), corresponding to the partition 7 = {[n]}.
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These are the preimages of the critical points of (7.1) restricted to M,,. Numerical algebraic
geometry restricts to this component automatically.

The likelihood equations are linear in u. We thus can fix a random complex matrix ©, and
then solve for a matching u. Afterwards, we fix u and we vary ©. By running monodromy
loops in HomotopyContinuation.jl, one eventually finds all solutions ©* to VL,(0) = 0
for that fixed u. Here “all” means all critical points of (7.1) on M,,, because the monodromy
loops stay on the main irreducible component of the likelihood correspondence.

The program terminates after a heuristic criterion is satisfied. If this happens, then we
can be confident that all solutions have been found, and that the number of solutions is equal
to u, = MLdegree(M,,). However, there is still a tiny chance that some solutions have been
missed, which would mean that the true p,, is a little larger than the current count. At this
stage, we apply the command certify which generates a proof, based on interval arithmetic,
that all floating-point approximations that were found are, in fact, distinct solutions [21].

The pipeline described above proves that the number we found is a lower bound for f,,.
To prove that it is also an upper bound, one would need some insights from intersection
theory. But this is still missing for many statistical models, including the one treated in this
paper. The process described above is quite fast for n = 4, and it yields the following result.

Proposition 7.3.1. The ML degree of the L-ensemble model My satisfies iy > 3526. Based
on our numerical computation, we are confident that s = 3526.

The principal minor map is 2" !-to-1. For our computations we use a reparametrization
which makes the map 1-to-1, reducing the number of paths we need to track by a factor of
271 We first show the new coordinates for n = 3.

Example 7.3.2 (Birational Reparametrization). We reparametrize our matrix

011 012 013
O = [0 O On (7.18)
13 B2z 033

becomes injective by replacing the mondmials 6%,, 6%, 655, 612613023 with new variables. These
four monomials are algebraically dependent, so we introduce three new variables: x5 = 6%,
T13 = 035, and 93 = 012013043. Solving for the 6;;, we now substitute the following into (7.18):

B2 = /219 013 = V13 Oo3 = $23/\/$12$13-

This yields a birational map between C% and the hypersurface V(Det) in P7. o

so that the principal minor map O — (%1, 922, 833, 811(922—(9%2, 611833—9%3, 922933—9%3, det(@))

The general case is similar. For n > 4, we replace all off-diagonal parameters as follows:

Tij if 1 = 1,

For i # j weset 0;; = )
Tij[/T1iT1; otherwise.


https://HomotopyContinuation.jl

CHAPTER 7. LIKELIHOOD GEOMETRY OF L-ENSEMBLES 116

After this, the log-likelihood L, is a function in the n diagonal entries 6;; and the (" ew
variables x;;. Its partial derivatives give a system of ("21) rational function equatipils in
("2 1) ariables. We now use the command monodromy_splve to solve this system. We find
amd cértify 13 complex solutions for n = 3 and 3 526 complex solutions for n = 4. Then =3
computations run in under a second. For n = 4, the computation takes about 20 minutes.
These times can be improved significantly by using multiple threads in Julia.

In the statistical application to DPP, we seek critical points that are real, not complex.
Ideally, we want ©* to be positive-definite. We ran the above computation on many data
vectors u, with the aim of maximizing the number of real critical points. The reality of the
critical points is governed by the discriminant of the optimization problem; see Section 5.2
and [77]. We found data with the property that 11 of the 13 critical points are positive
definite.

Example 7.3.3 (11 Positive-Definite Critical Points). Fix the data u = (1,5,5,5,5,5,5,1).
The likelihood function L, has two complex critical points. The remaining 11 critical points
correspond to positive-definite matrices. Nine come from by permuting indices on three ©*:

07, = 6.0 07, = 44721360 07, = 2.142857 67, = 0.8571429 67, = 5.0 07, = 3.4641016
r, = 4.472136 63, = 3.8388889 T, =2.236068 03, = 2.1428571 67, = 3.4641016 63, = 3.0
03, = 3.111111 63, = 3.8888889 6, = 2.236068 63, = 3.5 035 = 2.0 03, = 3.0.

The remaining two critical points p* € M3 are invariant under permuting the indices 1, 2, 3:

07, = 5.652906131 67, = 5.265758657 07, = 1742592619 07, = —0.840402407
07, = 5.265758657 65, = 5.652906131 07, = —0.840402407 63, = 1.742592619
03, = 5.265758657 6%, = 5.652906131 03, = —0.840402407 63, = 1.742592619.

Among the 11 critical points, five are local maxima, two of which are global maxima. The
global maxima come from the matrices that are invariant under permuting indices, i.e. the
matrices with constant diagonal and off-diagonal entries. The log-likelihood evaluates to
—63.46051485 at these two points. The other local maxima come from permutations of the
matrix with 7, = 5.0. The log-likelihood evaluates to —63.63109767 at these three points. ©

We now turn to the case n = 4, where numerical accuracy is already a notable challenge.
Example 7.3.4 (7’L = 4) We fix u = (U@, Ury.. ., Ug, U712y ..., U34,UI23, ..., U234, U1234) to be
uw o= (1,12,12,12,12,12,12,12,12,12,12,12,12,12,12,1).

We certified 3221 complex critical points p* for the function L, on the 10-dimensional variety
M. Among these 3221, the global maximum is given by the principal minors of the matrix

6.5 5.5 5.97913 5.97913
oF — 9.5 6.5 5.97913 5.97913
- 7913 5.97913 6.5 5.5

97913 5.97913 9.5 6.5
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For the other 305=3526 — 3 221 solutions, more careful path-tracking with homotopy meth-
ods is needed. We found 315 of our critical points to be real. Only 180 have real preimages
©* under the maximal minor map. Among these, 104 come from positive-definite matrices.
These 104 are the statistically meaningful critical points. They include five local maxima. <

We conclude this chapter by reporting on our computations for n = 5. We use the
birational parametrization in Example 7.3.2. Our system consists of 15 rational function
equations in 15 unknowns, namely the variables z;; of our birational parametrization and
the diagonal entries 6;; of a 5 x 5 matrix ©. Using 256 threads, we apply monodromy_solve
to the 15 x 15 system of partial derivatives of L,. In six days, we already found 29.5 million
solutions. Hence the ML degree satisfies ps > 29 500 000.

The ML degree of the model of L-ensembles grows very rapidly with n, meaning that
maximum likelihood estimation is likely very difficult for these models. One challenge in
continuing this line of research is that the hyperdeterminantal variety M, is complicated.
We will turn to projection determinantal point processes in the next section. L-ensembles
can be written as mixtures of projection determinantal point processes [67]. The model for
projection DPPs has deep connections to the Grassmannian, which we will use to show that
maximum likelihood estimation is still extremely difficult.
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Chapter 8

Likelihood Geometry of the Squared
Grassmannian

In Section 8.1, we explain the connection between projection determinantal point processes
and the Grassmannian via the squared Grassmannian. We turn our attention to the squared
Grassmannian in Section 8.2. We give a description of the prime ideal of sGr(2,n) in The-
orem 8.2.3. In Section 8.3, we outline the approach for the proof of Theorem 8.1.4 and
study the topology of the parametric model arising from (8.1). In Section 8.4, we study
the stratification of the parametric model by a deletion map and prove Theorem 8.1.4. In
Section 8.5, we turn to real critical points and prove Theorem 8.1.5. We compute the MLE
for random data for 4 < n < 9 and we record the runtimes. In Section 8.6, we turn to two
other statistical models on the Grassmannian, one on the configuration space X (k,n), and
the other on the positive Grassmannian Gr(k,n)~o. We give a formula for the ML degree of
the positive Grassmannian in Theorem 8.6.2.

Code for the numerical experiments in Section 8.5 is available in the MathRepo collection
via https://mathrepo.mis.mpg.de/likelihood_geometry_squared_grassmannian.

8.1 Projection Determinantal Point Processes

The states of a projection determinantal point processes are the k-subsets of a finite set
[n]. The model is a subset of A(n)fl and is parametrized by orthogonal projection matrices.
k

In particular, the model is the image of the projection Grassmannian under the map P
(det(Pr) : |I| = k). In the spirit of Section 3.6, we write these distributions in Pliicker
coordinates (x;)le([n]); see Section 3.2.

k

Lemma 8.1.1. The kxk principal minors of P are proportional to squared Pliicker coordi-
nates:

2
L7

det(PI) = W


https://mathrepo.mis.mpg.de/likelihood_geometry_squared_grassmannian
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Proof. Let A be any n x k matrix such that P = A(ATA)"1AT. We write A; for the k x k
submatrix of A with row indices I. Then we have Py = (Aj)-(ATA)~1- AT, This is a product
of three k x k matrices, so its determinant is the product of the three determinants. We find

_det(Ap)? det(Ap)? g
det(Pr) = GeaTd) = S faet(A)E S f

Here, I and J are index sets in ([Z}) .QThe middle equation uses the

uchy-Binet formula. []

Lemma 8.1.1 offers a link between the two lives of the Grassmannian in Sections 3.2 and
3.3. We call the Zariski closure of our model the squared Grassmannian; see |2].

Definition 8.1.2 (Squared Grassmannian). The squared Grassmannian sGr(k,n) is the

image of the Grassmannian Gr(k,n) C P(i) in its Pliicker embedding under the map
Gr(k,n) — P(‘i)_l7 (951)16([21) = (ﬁr)[e([Z])-

Corollary 8.1.3. The projection DPP 1is the discrete statistical model on the state space
([Z]) whose underlying algebraic variety is the squared Grassmannian sGr(k,n).

Thus the MLE of a projection DPP is found by maximizing the implicit log-likelihood
function (7.1) over sGr(k,n). We discuss the algebraic property of the variety sGr(k,n) in
Section 8.2. The main result of this section is the description of the prime ideal of sGr(2,n)
(Theorem 8.2.3).

We mainly focus on the case where £k = 2, so our model has state space ([g])< We
determine the number of critical points of the implicit log-likelihood function:

Theorem 8.1.4. The ML degree of sGr(2,n) is (ngl)! for n > 3.

In Section 8.5, we prove that all of these critical points are relevant from a statistical
perspective. This is reminiscent of Varchenko’s Theorem [27, Theorem 13].

Theorem 8.1.5. For u € N(Z), each critical point of the log-likelihood function (7.1) over
sGr(2,n) is real, positive, and a local mazimum when restricted to real points of sGr(2,n).

The Grassmannian may be parametrized by the minors of £ X n matrix My,. This
parametrization extends to the squared Grassmannian as

qr = (Mk,n)%
Zf([:])(Mk,n)g

where x; = (Mj,,); is the maximal minor of\M,;,, whose columns are indexed by /. We then
have the parametric log-likelihood function for projection DPPs:

Ly(Myn) = > (ullog(det((]\/[km)lf)—( > up)log () (det((Mkm)If).( (8.2)

(8.1)

re (! () re(y
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If we restrict to the matrices M., whose first k£ x k square is the identity, we get a 2"~ !-to-1
parametrization; see |34, Section 4]. Therefore the number of critical points of (8.2) is 2"~!
times the ML degree of the squared Grassmannian.

Example 8.1.6 (d = 2,n = 3). The implicit log-likelihood function is

L,(q) = ui2log(q12) + uizlog(qrs) + uzs log(ges) — (w12 + w1z + uss) log(qiz + gz + ¢o3)-

Because sGr(2,3) = P2, the MLE is u and the ML degree is one. We can find the same

answer parametrically: if My 3 = ((1) (1) ?3) ,<then
23

Ly (Ms,3) = urzlog(1) + ug log(t3;) + uzs log(t1s) — (w12 + unz + ugs) log(1 + 75 + t35)

whose partial derivatives are

oL, _ 2ugg 2(u12 + w13 + uss)tis _0 oL, _ 2upg 2(u1g + w13 + ugs)tos _ 0
Otis tis 14135 4 t34 T Ot tos 14 13, + 13, ‘

We can solve these equations by hand to find ¢35 = &, /% and tg3 = j:%E for a total of

four solutions. Our parametrization sends the parametric solution to the i

Lo iﬁ)é(l%%) S

01 j:*/\/%. U2 U2

licit one:

8.2 The Squared Grassmannian

In this section, we study the dimension, degree, and homogeneous prime ideal of sGr(k,n).
The two most basic invariants of any projective variety are its dimension and its degree.

Proposition 8.2.1. The squared Grassmannian sGr(d,n) satisfies
dim(sGr(k,n)) = k(n —k) and degree(sGr(k,n)) = 2*=D=*k=1 . degree(Cr(k, n)).

Proof. The self-map of P™ given by squaring all coordinates is 2"™-to-one. It preserves the
dimension of any subvariety, because all of its fibers are finite. This yields the first equation.

For the second equation, we factor the squaring morphism Gr(k,n) — sGr(k,n) through
the quadratic Veronese map, which is an isomorphism from Gr(k,n) to its Veronese square
v5(Gr(k,n)). Note that the degree of v5(Gr(k,n)) is 28"=%).degree(Gr(k,n)). The projection
from v5(Gr(k,n)) onto sGr(k, n) deletes all mixed coordinates. This map is 2"~ '-to-one since
each fiber is given by switching the signs independently in the n columns of the matrix A.
So, the degree of sGr(k,n) is the degree of v5(Gr(k,n)) divided by 2! ]

The familiar formula [97, Theorem 5.13] for the degree of the Grassmannian implies:
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Corollary 8.2.2. An explicit formula for the degree of the squared Grassmannian is
2(k—1)(n—k—1) . (k(n o k))'
[ G+ +2) (G +n—k—1)

For the special case k = 2, these degrees are scalings of the Catalan numbers:

degree(sGr(2,n)) = %(2@_24)((: 23 . O, s. (8.3)

We now turn to the ideal of the squared Grassmanunian, beginning with the case d = 2.
The squared Pliicker coordinates are denoted by ¢;; = xfj for 1 <i < j <n. We write these
coordinates as the entries of a symmetric n x n matrix that has zeros on the main diagonal.

degree(sGr(k,n)) =

Theorem 8.2.3. The prime ideal Isgr2y) 5 generated by the 4 x 4 minors of the matriz
[ Gz Q13 o Gin)

12 0 g3 - qon

@tz g3 0 o @z

in qon 4q3n " 0

We thank Aldo Conca for suggesting the following proof.

Proof. Let () be a generic symmetric n X n matrix. Let J be the ideal generated by the 4 x 4
minors of (), and let I be the ideal (g11, ..., ¢un), in the polynomial ring C[Q] with complex
coefficients. Then V(I + J) =V (I)NV(J) is the variety of n x n matrices of rank at most
3 with zeros on the diagonal. We will show that I + J is prime, that its projective variety
contains sGr(2,n), and that the projective varieties have the same dimension.

We first make some observations about the ring C[Q]/J. We will show that C[Q]/J =
C[YTY] where Y is a generic 3 x n matrix. This isomorphism is the map [g;;] — (Y7Y),;,
where [g;;] is the image of ¢;; under the quotient. The fact that C[YTY] is the image of this
map is then clear. By the first isomorphism theorem for rings, it is then sufficient to show
that J is equal to the kernel of this map. The containment of J within the kernel is relatively
straightforward: the image of a 4 x 4 minor of @ in C[YTY] is a 4 x 4 minor of Y7V, which
is zero as YTY has rank at most 3. The containment of the kernel into .J is the Second
Fundamental Theorem of Invariant Theory for the orthogonal group; see [32, Theorem 5.7|.

Now given some 3 x n matrix Y, the product Y7V is invariant under the action of the
orthogonal group O(3) on Y by matrix multiplication on the left. Thus we have

ClQ)/J = CyTY] = C[Y]°® c C[v],

where C[Y]°®) is the invariant ring of the action of O(3) on Y by left multiplication. We
have justified the inclusion C[Y7Y] C C[Y]°®). The other inclusion is given by the First
Fundamental Theorem of Invariant Theory for the orthogonal group; see [32, Theorem 5.6].
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As O(3) is linearly reductive in characteristic zero, C[Y]°®) = C[Y?Y] is a direct summand
of C[Y]. In summary, C[Q]/J is isomorphic to C[Y?Y], which is a direct summand of C[Y].

We now turn to the image of (/+.J)/J under this isomorphism. Recall that {[q11], ..., [¢un]}
generates (I+.J)/J. The image of (I+.J)/J in C[YTY]is Iyry = (YTY)11,...,(YTY)u,) C
C[YTY]. We now turn to the extension of this ideal to C[Y], which we denote IyryC[Y] =
(YTY)11,...,(YTY),,) C C[Y]. For all i, the quadric (YTY);; = y3, +y3,+13; is irreducible.
As the (YTY);; use disjoint sets of variables, we conclude that Iyry C[Y] is prime.

We now show Iyry is prime. Since C[Y7Y] is a direct summand of C[Y], we have Iyry =
IyryC[Y]NC[YTY]. The inclusion C holds, because IyryC[Y]NC[YTY] is the contraction
of the extension of Iyry. For the inclusion D, suppose a = >/, a;b; € IyryC[Y]NC[YTY]
where b; € C[Y] and a; € Iyry. The C[Y?Y]-module homomprphisms C[YTY] — C[Y] &
ClY"Y] compose to the identity, so a = w(a) = >.if, a;m(B;) € Iyry. This proves the
other containment. To conclude that Iyry is prime, reffﬂl that Iyry is the inverse image of
IyryC[Y] under the map C[YTY] < C[Y], and that inVerse images of primes are prime.

We now show that V(I 4 J) has the correct dimension. The dimension of the projective
variety V' (J) is 3n — 4 because any symmetric matrix of rank < 3 is determined by the upper
triangle of the upper left 3 x 3 block and the 3(n — 3) entries in the upper right corner. To
find the dimension of V(I + J), we note that [g11], ..., [¢.m] is a regular sequence in the ring
C[Q]/J. One proves this by applying the arguments above to show that ([¢11],. .., [g:]) is
prime for any i. Therefore, the dimension of the projective variety V(I +.J) is (3n—4) —n =
2n — 4. In particular, V(I 4+ J) has the same dimension as the Grassmannian Gr(2,n).

We now argue that the squared Grassmannian sGr(2,n) is contained in V(I +.J). For any
point ¢ in sGr(2, n), there is a 2 x n matrix A = (ay;) such that ¢;; = a%ia%j — 2ay;a9;a1 a9, +
a%jagi for 1 <i < j <n. Hence, ) has zeros on the diagonal and is a sum of three matrices
of rank one, meaning that its 4 x 4 minors vanish. This shows that ¢ € V(I + J).

Because V(I + J) has the same dimension as the squared Grassmannian, sGr(2,n) C
V(I + J), and both varieties are irreducible, it follows that sGr(2,n) = V(I + J). Finally,
because I + .J is prime, we may apply the Nullstellensatz to see that Igron =1+ J. O

Example 8.2.4 (d = 2,n <5). The Grassmannian Gr(2,4) is defined in P° by the quadric
T12T34 — T13%24 + T14%23. By setting ¢;; = ﬁj and eliminating the xz-variables, we obtain

Q%QQ?QA + Q%3(1§4 + Q%4qg3 — 212413924934 — 2q1214923G34 — 2¢13¢14G23G24.

This quartic is the determinant of a symmetric 4 x 4 matrix (g;;) with zeros on the diagonal.
The squared Grassmannian sGr(2,5) has dimension 6 in P°. Tts degree is 20, by (8.3). The
ideal of sGr(2,5) is generated by 15 quartics, namely the 4 X 4 minors in Theorem 8.2.3. ¢

Conjecture 8.2.5. For all n > k > 2, the prime ideal Iyg (k) is generated by quartics.

We verified this conjecture for k£ = 3,n = 6 using Macaulay?2 [60]. The variety sGr(3,6)
has dimension 9 and degree 672 in P'°. Its ideal is minimally generated by 285 quartics.

It is proved in |2, Section 6| that sGr(k,n) is cut out by quartic polynomials that are
derived from the 2 x 2 x 2 hyperdeterminant. We state their result as follows.
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Theorem 8.2.6 (|2, Corollary 6.4]). The set-theoretic version of Conjecture 8.2.5 is true.

8.3 Parametric Model

We now turn to the likelihood geometry of the squared Grassmannian. Our approach to
computing the ML degree of sGr(2,n) is topological namely, we will apply Theorem 2.3.5.

As in Chapter 2, we write H = {(q;) € p( -[I/ar = 0} for the hyperplane
arrangement where the log-likelihood function is und{:ned heorem 2.3.5 states that the
ML degree of a model M C P", is equal to the signed Euler characteristic of the very affine
variety M\'H C ((C*)( ).

The Euler characteristic is a topological invariant that can be defined as the alternating
sum of the Betti numbers of the space. We will often make use of the excision property of the
Euler characteristic: if Z = XU Y, then x(2) = x(X) + x(¥). We also rely on the fibration
property of the Euler characteristic; if ¢ : X — ) is a fibration, then x(X) = x(Y)x(F),
where F is the fiber of a point in ). For the maps we consider, proving that the fibers of a
map are homeomorphic suffices to show that the map is a fibration.

We apply Theorem 2.3.5 to the squared Grassmannian. The open squared Grassmannian
is the very affine variety

sGr(k,n)° = {(61)16([:]) € sGr(k,n) : ( Z ql) . H(ql #0 C (C*)(Z)

1e(th) re(ly

The variety sGr(k,n)° is smooth because Gr(k,n) is smooth and the Jacobian of the squaring

map has full rank on points in the preimage of sGr(k,n)°. Because dim(sGr(k,n)) = k(n—k)

by Proposition 8.2.1, the ML degree of sGr(k, n) is (—1)*"=%) y(sGr(k,n)°) by Theorem 2.3.5.
We now turn to the case kK = 2 and parameterize the open squared Grassmannian by

log -+ top

Xn—>SGI'(2,TL)O, Mn: 1 O t13 t14 tln (x?')1<i<j<n (84)
0 1 t23 J0= -

where z;; is the 2 x 2 minor formed from columns ¢ and j of M, and X, is the subset of
C2("=2) such that the image of the parametrization is sGr(2,7)°. To be specific, we define

Z x?j and Xn:{ n€C2(n_2)3Qn'( H xij)(éo'

1<i<jd 1<i<j<n

We can explicitly write the parametric log-likelihood function in the £ = 2 case as

n

Lu(My) = (w1 log(t3,) +uai log(t5,)) + Y _ flij log((trita; —tait1;)*) = Y _ flijlog(Qn). (8.5)

i=3 3<i<jd 1<i<j<
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The map in (8.4) has degree 2"! with no ramification points because we can flip the signs
of any row and column of the matrix M, independently; see |34, Remark 4.4]. By multi-
plicativity of the Euler characteristic, the implicit and parametric models are related by:

(&) =2""1x(sGr(2,n)°) = 2" 'MLdegree(sGr(2,n)) = #{critical points of (8.5)}. (8.6)

By (8.6), we can compute the number of critical points of both the implicit and parametric
log-likelihood functions from x(A&,,). We compute x(X,) in Section 8.4 by an argument
similar to those in |1, 28, 41]. In particular, we wish to define a map &, 1 — A}, which
deletes the last column and use the fact that this map is a stratified fibration to compute
the Euler characteristic inductively. However, this deletion map is not well defined, because
(2, vanishes on points in &,,.1, so we define this map only on the open subset of X,,,; where
@, does not vanish, denoted X7, = {M, 11 € X11: Qn # 0} . We define the projection

o 0 tis tu - tin n+1 1 0 tia tia -+ tin
T : Xn — XTU ’ —
+1 +1 <{ 1 tog Tog -+ top t2,n+1 01 tos tog -+ ta,
and argue that the change from A}, to X; ; does not affect the Euler characteristic. To
do so, we observe that the fiber of a point M, € X, under 7, is the complement in (C*)?

of the lines z;(,,+1) and conic @,41. The lines x;(,11) all pass through the origin, so the key
to understanding the geometry of the fibers is to understand the conic Q,,.1. We can write

n 0 0 1
Qui1 = (¥ tins1 tons1) L+t — > stuta | | tynm ( (8.7)
— > W atity; 14+ X0t 2t 1

Taking the determinant of the matrix, we find that the discriminant of (),,+1 as a conicin y ,,4;
and #9141 is Q2. We prove that restricting to X7, ; does not change the Euler characteristic.

Lemma 8.3.1. Forn >3, we have x(Xp+1) = x(X7, ).

Proof. By the excision property, x(Xn41) = x(Xg,1) + x(Xns1\ X5 1). We shall prove that
X(Xn+1\ Xz 1) = 0 by showing that the map below is a fibration on its image:

° “\2(n—2 0 tis tiu -+ tin tint 1 0 tiz tig -+ tin
X1\ X1 — (C) (n=2), ({ I tog tog -+ top t?,n-l—l) "~ (0 L tog tog --- t2n> (
It suffices to show that the fibers are homeomorphic. Every nonempty fiber F is the com-
plement in (C*)? of n — 1 lines through the origin: each minor z;,,; for i > 3 contributes
one line and @, 1 degenerates into a double line since ), = 0. The Euler characteristic of
finitely many lines through the origin in (C*)? is zero because each line is a P! with two points
removed and the lines do not intersect. Because x((C*)?) = 0, the Euler characteristic of the
complement of n — 1 lines through the origin in (C*)? is zero, too. By the fibration property
of the Euler characteristic and because x(F) = 0, we conclude that x(X,1\X5,,) =0. O
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8.4 Stratification of the Parametric Model

We now prove that the map m,,; is a stratified fibration and compute y(&,). A map
¢ : X — )Y between complex algebraic varieties with a stratification {S,}7; of ) by closed
sets is a stratified fibration if the restriction of ¢ to each open stratum S, = S, \ U{fsa Ss
is a fibration with fiber denoted Fs, . We use Mobius inversion with the fibration property
of the Euler characteristic, to compute Euler characteristics along stratified fibratio

Lemma 8.4.1 ([!], Lemma 2.3). Let ¢ : X — Y be a stratified fibration with stratification
{8}, Write Fs, for the fiber of a generic point in S,, and let p be the Mdbius function
of the poset {S, Y, ordered by inclusion. Then

X(X) = Xx(V) - X(Fy) + D x(Sa) - Z(N(Sa» Sp) - (X(Fsz) — X(F))-
a=1 S328,

In our situation, only the generic fiber contributes: the sums vanish and x(X) = x () x(Fy).
We first describe the stratification of X, and the fibers of 7, 1.

Lemma 8.4.2. The map m,1 is a stratified fibration with stratification

where §; = {M e &, Zjél 7 =0 . The fibers of mpy1 are the complements of n lines

Pitn+1) and a conic Qpnyq in 2 where the intersections of the lines with the conic are

Qn+1 N Typg1 = two points for all ¢ n Fux,.
o points for { # i

1 N Ty = m Fs,.
Qs bt for £ =1. Si
o points for 0 # i, j _
il N Tppp1 = m Fs.ns, -
Qni1 N Typin Jor £ € {i.7) 508,

Proof. To prove m,,; is a fibration, it suffices to show that the fibers of 7, ,; are homeo-
morphic on each open stratum S°. The fiber in C? of a point M, € X, is the complement
of the lines z;,41 and the conic (),+1. Since all the lines x;,1 pass through the origin,
their intersection is the same for any M, € A&,,. The variation in the fibers comes from the
intersection with the conic. We claim that every line x;, either intersects the conic )41
in two distinct points or not at all. In the intersection locus of z; 11 = 0 and @1 =0,

n

t
Qni1 = Qn + Z (J el = 117572#1 > (33 =0. (8.8)

U—

If Y77 @f; # 0, then there are two distinct intersection points. If 3%, #7; = 0, then (8.8)
becomes ), = 0, which is a contradiction, so the intersection of @),+{ and x;,; is empty.
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Thus, in the fiber Fy,, every line intersects the conic in two points and in the fiber Fyg,,
every line intersects the conic in two points, except z; 41 which does not intersect the conic.

It remains to be shown that there can be at most two lines x; 41 which do not intersect
Qn+1- When z;,,1 does not intersect @, 41 in C?, the line and conic intersect at a double
point at infinity. In other words, z;,+1 is tangent to the projectivization of @),,1; at infinity.
In projective space, pin+1) intersects Q0,11 tangentially if and only if x;/n 41 lies in the dual

conic @y, 1, i.e., (0 —to; tu) . (O —to; tu)T = Z;Lél x?j = 0, where A,, is the matrix
in (8.7). Since at most two linds passing through the origin can be tangent to a conic, only
two of the lines z; ,41 can have an empty intersection with the conic ),,+1 at once. Thus, in
the fiber Fs;ns;» every line intersects the conic in two points, except x; 41 and x;,,1 which

do not intersect the conic. O

The combinatorics of the stratification is simple, allowing us to evaluate the formula for
the Euler characteristic in Lemma 8.4.1. To apply the lemma, we need the Md&bius function
of the poset of each closed stratum; see Figure 8.1 for the posets of each of the special strata
along with the values of their Mobius functions. The remaining computations necessary to
prove Theorem 8.1.4 are Euler characteristics of the fibers and of the strata.

X,—1 A, 1
/N
~15; S;—1
NS
SZ‘ 1 Simsjl

Figure 8.1: Posets for the special strata. The values of the Mébius function pu(—,.S;) and
p(—,S5; NS;), respectively, are shown in blue.

Lemma 8.4.3 (Euler characteristics of fibers). The Euler characteristics of the fibers are
X(Fx,) =2n X(Fs,) =2n —2 X(Fsins;) =2n —4 for1<i<j<n.

Proof. ITn C*\{(0,0)}, we have x(Q,+1) = 0, since the conic @Q,,,; has nonzero constant term
Q, and is therefore topologically equivalent to a P! with two points at infinity removed.
Similarly, in C*\{(0,0)}, we have x(pin+1)) = 0, since the line x;,,41 is topologically equiv-
alent to a P! with the origin and a point at infinity removed. Suppose that M, 1 € X, 1.
Because x(C?\{(0,0)}) = 0, by the excision property,

Xty (M) = =X(Qni1) = D x(@ing1) + Y 6( N Qns1)
i=1 i=1

n n

= Z X(Tint1 N Quyr) = U(<Ti,n+1 N Qni1) -

i=1 i=1
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Here, the last equality holds because the intersection of a line with a conic is zero dimensional.
We computed these intersections in Lemma 8.4.2. In the generic fiber, each of the n lines
intersects the conic in two points, for a total of 2n intersection points. The intersections for
S; and §; N'S; are the same, but with n — 1 and n — 2 lines, respectively. m

We now show that the Euler characteristics of the closed, codimension one strata vanish.
Lemma 8.4.4 (Euler characteristics of strata). We have x(S;) = 0 for all i.

Proof. 1t is sufficient to prove the claim for S,, by symmetry. We first remark that S, C X.

is the union of two lines through the origin in (C*)2. Since the fiber has Euler characteristic
zero, the result follows from the fibration property.

Because Z{Eﬁ x?n is a homogeneous polynomial in ¢y, and t,,, the fiber of a point
in 7,(S,) is a {legenerate conic in the variables ty,,ta,, so each fiber is the union of two
lines through the origin in the complement of the lines x;, and conic @,, in (C*)?. Since the
xj, all pass through the origin, they do not intersect the degenerate conic in (C*)?. The conic
Q. also does not intersect > i ' 22 because Qn S ! x2 = (.1 = 0 on the intersection,

Jjno JF1
contradicting S, C X?. Since|the conic Y i x ,, doedq not intersect the lines z,, or the conic
Qn, the fiber is the union of two lines through the origin in (C*)2. O

We do not need to compute x(S; N'S;), because the inside sum in Lemma 8.4.1 vanishes
for §;,NS;. In fact, we can count the number of critical points of the parametric log-likelihood
function. Theorem 8.1.4 then follows from Proposition 8.4.5 and (8.6).

Proposition 8.4.5. The parametric log-likelihood function (8.5) has 2" %(n — 1)! critical
points.

Proof. By (8.6), the number of critical points is equal to the Euler characteristic x(X,,), so
it suffices to show that x(X,) = 2""2(n — 1)!. We proceed by induction on n. The base case
is furnished by Example 8.1.6. By Lemmas 8.3.1, 8.4.1, and 8.4.2, we have

X Xir) = XX 1) = X(Fr)X(Xa) + Zx o[ 1S, 8)(x(Fs) = x(Fx,))
SE{Si7 L}
T Z (SiNS;)) Zé (SN S;, S)(x(Fs) — x(Fx,))
1<i<j<n Se{SiNS;,Si\S;j,Xn}

By Lemma 8.4.4, x(S;) = 0, so the first sum is zero. By Lemma 8.4.3 and the values of the
Moébius function in Figure 8.1, the second sum is zero:

Zé p(SiNS;, S)(x(Fs) = x(Fx,)) = (1)(=4) + (=1)(=2) + (=1)(=2) = 0.
}

SE{SiﬂSj ,Si ) ' Xn

By induction and Lemma 8.4.3, x(X,11) = x(Fx,)x(Xn) =2n(2"2(n — 1)) =2""'nl. O
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A formula for the ML degree of sGr(k,n) for & > 2 has not yet been conjectured. In
our calculation of the ML degree of sGr(2,n), we relied heavily on the nice geometry of
conics in the complex projective plane, which we do not have for higher k. There are some
computations for £ = 3 in Table 8.1, but the numbers do not follow an obvious pattern, so it
is likely that the combinatorics of the stratification is complicated and that we do not have
the nice cancellation we get in the proof of Proposition 8.4.5.

8.5 Real Solutions

From a statistical perspective, the only relevant critical points of the implicit log-likelihood
function (7.1) are real, nonnegative ones. Because each ¢; is a square, this condition is
equivalent to the critical points of the parametric log-likelihood function (8.2) being real.
We will give a lower bound for all £,n on the number of local maxima of the parametric
log-likelihood function (8.2). Furthermore, we prove that when k = 2, all critical points of
the parametric log-likelihood function (8.5) are real and local maxima. This is not true for
larger k.

Example 8.5.1 (k = 3,n = 6). This parametric log-likelihood function generically has
17664 critical points. For 100 trials with data vectors whose entries were sampled uni-
formly at random from [1000], each parametric log-likelihood function had 11904 real criti-
cal points, all of which were local maxima. These computations suggest that the parametric
log-likelihood function with & = 3,n = 6 generically has 11904 real solutions. These com-
putations were performed using the Julia package HomotopyContinuation.jl [20)]. o

Let My, be a k xn matrix whose first k x k block is the identity and let x; be the maximal
minor whose columns are indexed by I. For real solutions we turn from the log-likelihood
function to the likelihood function

[y i
(Z A [Z]) I%)Zlu“

which shares its critical points with the Yog-likelihood function. We optimize (8.9) on the
real open set Xgn =X N RF(=F) where

Qin= ) (x% and XN = {(/,w e C 0 Q- (I =) (4 0
)

(8.9)

re(by re(t

Since the quadric V(Qy.,) has no real solutions, X,En is the complement of the real algebraic
variety E() Vk(x7). The irreducible hypersurfaces Vi (z;) all pass through the origin and
k

divide X,f into unbounded regions. It is known that every bounded region contains at least
one critical point, because the function is either positive or negative on the region and must
therefore achieve a local minimum or maximum; see |27, Proposition 10]. The following
result extends this idea to unbounded regions.
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Lemma 8.5.2. Let fi,..., fn € R[xq,..., 2] such that deg(f1) =0 and fy = fi+--+ fu
1s positive on R®. If uy,...,u, € Nyg is generic, then

(fl)uTi: in R°} < MLdegree(M)
+ n

#{regz’ons of R*\ U‘(fl =0} < #{critical points of
i=2

where M C P~ is the Zariski closure of the image of the map x > [fi(z) : -+ : ful(x)].
Further, L = (fﬁﬁ}@ﬁiﬂn has a local mazimum for every region of R*\ U;_,{f; = 0}

where L > 0 and a local minimum for every region where L < 0.

Proof. Since f; + -+ + f, > 0, the function L is smooth on R®. If deg(f;) = d; for
i = 1,...,n, then numerator of L has degree Y ./, d;u; and the denominator has degree
(max;ep, d;) Z?il u;. Because the denominator of éhas larger degree than the numerator,
L approaches Olat infinity and is therefore bounded‘on all regions. Because L is smooth and
bounded, it attains a local maximum or minimum on each region, depending on the sign
of L. This proves the first inequality and second statement. The second inequality follows

from the definition of ML degree. O

A similar technique was used to show that all critical points of a linear model are real.
When Lemma 8.5.2 is applied to our problem, we get a lower bound on the number of
real critical points and on the number of local maxima. This lower bound is given by the
number of connected regions in the real open Grassmannian Grg(k,n)°. Because the sign
vectors of the Pliicker coordinates are fixed on a given region, the number of possible sign
vectors is a lower bound on the number of regions. We denote this set of sign vectors as
sgn(Grgr(k,n)°) = {(sgn(xl))je([z]): x € Grg(k,n)°, x1.., = 1}. This yields the following
corollary:

Corollary 8.5.3. For any k and n, the number of local mazima of (8.9) is bounded below
by the number of possible sign vectors of Pliicker coordinates:

#sgn(Grr(k,n)®) <#{regions of len}
< #{local mazima of (8.9)} < #{real critical points of (8.9)}.

Proof. The result follows from Lemma 8.5.2 with fo = 27 , = 1 and the fact that (8.9) is
nonnegative on RF™=%), O]

When k = 2, the inequalities in Corollary 8.5.3 become equalities. We prove this by
showing that the number of sign vectors in sgn(Grg(2,n)°) matches the number of critical
points 2" 2(n — 1)! of the parametric log-likelihood function (8.5). Theorem 8.1.5 is an
immediate corollary, since squares of nonzero real numbers are positive.

Theorem 8.5.4. If k = 2, then every critical point of the parametric likelithood function
(8.9) is real and a local mazimum.
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Proof. We will prove that #sgn(Grg(2,n)°) = 2" 2(n — 1)!. By Proposition 8.4.5, the total
number of critical points is 2"7?(n — 1)!, so the result follows from Corollary 8.5.3.
To count the sign vectors, we fix 2 < ¢ < n and begin with a matrix

M. — (1 0 —tiz - —tw trepr - t1n> (
" 0 1 a3 -+ tor togy1 -+ ton
in an such that tq3,...,t9, > 0. We take any permutation of the last n — 2 columns and flip
the sign of any of the last n — 2 columns. This process yields 2"~%(n — 2)! different matrices.
We argue that given a fixed M,,, each of these matrices has a distinct sign vector. Because
every matrix in an can arise in this way, there are 2"72(n — 2)! possible sign vectors for a
fixed ¢ € {2,...,n}. Hence, in total, we have 2"2?(n — 1)! total possible sign vectors.

Let x be the Pliicker vector of M,, and y be the Pliicker vector of a matrix produced from
M, by the permutation and sign changes described above. We identify the permutation
and columns whose signs were flipped. The columns ¢ with y;; < 0 had their signs flipped.
Assuming that y;; > 0 for all 7, we uniquely identify the permutation from its inversions: for
t,7 > 3 the signs of x;; and y;; agree if and only if the pair 75 is not an inversion. O]

The practical implication of this result is that likelihood inference for projection DPPs is
difficult. In particular, for any data u, the number of local maximizers of both the implicit
and parametric log-likelihood function grows exponentially. We will see that this holds for
squared linear models as well in Theorem 9.1.1.

Example 8.5.1 shows that for larger £ the critical points are not necessarily all real.
However, in the k = 3,n = 6 case, the quantities in Corollary 8.5.3 are all equal to 11 904.
We can prove this with the help of a computer: sample 1 million 3 x 3 matrices A and
compute the Pliicker coordinates of the 3 x 6 matrix (Ids A). The number of sign vectors we
get from this process is a lower bound of 11904 on the number of sign vectors that can arise
in this way. By Example 8.5.1 all quantities in Corollary 8.5.3 are therefore equal to 11 904.

Conjecture 8.5.5. For k£ > 3, the last two inequalities in Corollary 8.5.3 are equalities, i.e.,

#{regions of X,]ffn} = #{local maxima of (8.9)} = #{real critical points of (8.9)}.

Computational Experiments (k = 2). To compute the true MLE for some data u, one
needs to compute all critical points of the parametric log-likelihood function (8.5), evaluate
(8.5) at the critical points, and select the one which yields the largest value. We give runtimes
for computing the MLE of our model for data selected uniformly at random from [1000]. We
use the numerical algebraic geometry software HomotopyContinuation.j1l [20] to compute
the critical points of (8.5). We use the strategy outlined in Section 7.3 to find solutions to
the rational equations VL, (M,) = 0. We first use the monodromy method to compute the
solutions to VL, (M,) = 0 for some complex start parameters «’. We then use a coefficient
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parameter homotopy to move the start parameters u’ to the target parameters u € [1000](3),
simultaneously moving each solution of VL, (M,) = 0 to a solution of VL, (M,) = 0.

‘ ‘n:4 n=5 n=6 n=7 n=28 n=29 ‘
| Runtime | 180 ms 235ms 962 ms 14.287s 330s 2h |
| Number of Solutions | 24 192 1920 23040 322560 5160960 |

The runtime grows exponentially, as expected. The bulk of the time is spent computing
the solutions to V L,/ (M,) = 0 with the monodromy method. As discussed in Section 2.5,
knowing the number of solutions a priori makes the computation significantly faster than if
we did not know the number of solutions.

8.6 The ML Degree of the Positive Grassmannian

We now turn to likelihood inference for other models on the Grassmannian. Perhaps the
easiest way to obtain a statistical model from the Grassmannian is to restrict to the positive
Grassmannian Gr(k,n)sq, which is defined by requiring that all Pliicker coordinates x; are
positive. This semialgebraic set plays a prominent role at the interface of combinatorics and
physics [129]. It is naturally a statistical model, via the usual identification of the positive
(1)1

projective space Py’

with the probability simplex A(n)fl. In this model, the probability
k

of observing a k-set I = {i1,4s,...,ix} equals x; /) ;x;. The second model is the config-
uration space X (k,n) which is obtained from Gr(k,n)s¢ by taking the quotient modulo the
natural torus action by the multiplicative group RZ,. This model plays a prominent role in
the study of scattering amplitudes; see [121]. In the special case k = 2, this Grassmannian
model is the moduli space Mo, of n distinct labeled points on the line Pj.

Proposition 8.6.1 (|121, Proposition 1|). The ML degree of Mo, is (n — 3)!. For generic
real data u € RY, all critical points are real.

k=2 k=3
n 4 5 6 7 8 9 6 7 8 9
sGr(k,n) 3 12 60 360 2520 20160 552 73440 77 77
X(k,n) 1 2 6 24 120 720 26 1272 188112 74570400
Gr(k,n)>0 4 22 156 1368 14400 177840 1937 > 499976 77 77

Table 8.1: Maximum likelihood degrees of three models on small Grassmannians: the squared
Grassmannian, the configuration space, and the positive Grassmannian.
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The ML degrees of these two models and of the squared Grassmannian are summarized in
Table 8.1 for small values of k,n. For k = 2, the first row follows from Theorem 8.1.4 and the
second row follows from Proposition 8.6.1. The values for X (3, n) come from |1, Theorem 5.1],
and the first two entries in the last row appear in [68, Problem 13]. The last row follows from
the main result of this section, Theorem 8.6.2, which gives a partial answer to |68, Problem
13]. The remaining values were computed numerically via HomotopyContinuation. j1.

Theorem 8.6.2. The positive Grassmannian Gr(2,n)so has ML degree (21 — n)(n — 3)!.
We thank Simon Telen for his help with the following proof.

Proof. Since Gr(2,n) is smooth, we apply Theorem 2.3.5 and show that x(Gr(2,n)\H) =
(2"~1 —n)(n — 3)!. Consider the map

Gr(2,n)\H = Gr(2,n)°\V( Z i) = Mo, = Gr(2,n)°/(C)",
- x— [z].

We first observe that this map is surjective, meaning that for every z € Gr(2,n)°, there is
some scaling (A;\;x;;);; such that the sum >/ A\\;x;; is nonzero. If Y /A \;x;; = 0 for all
choices of A1,...,\,, then the columns of the matrix

T12 - Tin
12 0 - T
H= o , (8.10)

(in Top 0 (
must sum to zero. Then H is singular, ahd so by Lemma 8.6.3 at least one of the z;; is zero.
Therefore ¢ Gr(2,n)°, and we conclude that the map is surjective.

Since x(My,) = (—1)"(n—3)! by Proposition 8.6.1, it suffices to show that the fibers are
isomorphic and have Euler characteristic 2~ —n by Lemma 8.4.1. To compute the fiber of
[z] € Mo, choose a representative z. Then the fiber is isomorphic to (C*)"\V (D _./ MiA;zi;).
The Newton polytope of the polynomial ) ./A\;\;x;; is the hypersimplex Az,n(‘ By [55,
Theorem 6.2.4|, the fiber of [z] has Euler cha\;écteristic (—=1)"Vol(Ay,,) = (=1)"(2°1 — n),
provided that z is not in the principal A-determinant of A,,,. Furthermore, as long as x and
a’ are not in the principal A-determinantal, the fibers of [z] and [2/] are isomorphic. We now
argue that the open Grassmannian Gr(2,n)° does not intersect this principal A-determinant.

By [28, Theorem 3.6] the principal A-determinant of A,,, is the product of principal
minors of size at least 4 of (8.10). It therefore suffices to prove that if any of these minors
vanish on z € Gr(2,n), then x;; = 0 for some ¢, j. As the principal submatrices of (8.10) can
be identified with points in smaller Grassmannians, the claim follows from Lemma 8.6.3. [

Lemma 8.6.3. Suppose X is an n x n skew-symmetric matriz whose (i,j) entry is x;; if
i > j and H is as in (8.10). If rank X < 2, then det(H) = 2" 2xy9m03 - - T1,,. Thus H is
singular if and only if x; 41 is zero for some i € [n].
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Proof. Since X has rank 2, there exist u,v € C" such that we can write the (i, j)-entry of
X as u;v; — u;v;. Then the entries of H are H;; = (—1)"~ (u;v; — ujv;) where (—1)"<7 is —1
if + < j and 1 otherwise. Therefore the determinant of H is
det(H) = 3 (1)@ TT(=1<" (wvs) — ooy,
ccBy, i=1

where &,, denotes the symmetric group on n elements and inv(o) denotes the number of
inversions (pairs ¢ < j with (i) > o(j)) of 0. An index ¢ with i < o(i) is called an
excedance. Writing ug = []._q u;, we can write this determinant as

ics
det(H) = Y (=1)¥1 Y~ (—1)mrecy g, gyuqs)cvse
Sg[n] oeGy,

SCn\TC[n e,
=t é\g\ (8)=

_ Z Z (_1)\5\ l((_l)inv(a)+exc(a) QSUTUTCUSC

where S¢ denotes the complement [n]\S of S. ‘

We will compute the coefficients | Lol S):T(_l)lﬂv(0)+exc(0)' A determinantal form of
the signed excedance enumerator Y L4 (=1)(@gexel@) = (1 — ¢)"~! is given in [113, pp.
785], namely, it is the determinant of|the matrix

{q qg - q (
Vo 511

11 -+ 1

It follows that if S =T = [n] or S :(T = {), then the voefficient Y- [ (—1)nv)rexe(@) js
27~ 'We will modify the matrix to restrict the sum to permutations th{map Sto T for fixed
proper subsets ) C S, T C [n]. To do this, we zero out the entries (7, 7) ¥ (S xT)U(S°x T).
We will show that the determinant in question is zero unless 7" = .S, in which case it is equal
to(l1—¢q)"2orT=S5+1:={s+1:s¢€ S}, in which case it is —¢(1 — ¢)" 2. Note that
if n € S, weinclude 1 in S + 1. In the T'= S case, the matrix with zeros is block diagonal
with two blocks of the form (8.11) having sizes |S| and n — |S|. Thus the determinant is
(1 — )71 (1 — )" 1971 = (1 — ¢)"~2 (see [118, Theorem 1]). In the T = S + 1 case, the
zeroed out version of (8.11) has two blocks. One has size |S| and occupies the entries S x T
the other has size n — |S| and occupies the entries S¢ x T°. Depending on whether n is in S
or S¢ one block has the form (8.11), and the other has the form

SRl
(11...;(
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In either case, the determinant is —q(1 — q)" 2 (see [1 18, Theorem 6]).

Now suppose that T' ¢ {S, S + 1}. The zeroed out matrix (8.11) still has two blocks, but
now one of them is singular. To see this, observe that the number of g-entries in a given
column ¢t € T is the number of s € S with s < t. For the matrix to be nonsingular, these
numbers must be distinct for every column. For this to be true for both the (S,7") block
and the (5¢, T¢) block, the 7" must be either S or S+ 1. Thus the matrix is singular and has
determinant 0.

Plugging in ¢ = —1, we see that the coefficients in our sum are 2"

0csSc SCln]

det(H) = | 2" + Z,( ‘S‘Qn 2 Un)Vin] + Z( |S|2n_2uSUS+1USC+1USC

n

where 1,11 = u; and v, 11 = vy. O

The ML degrees are now known for all three models on Gr(2,n). From the perspective of
likelihood geometry, the two models that come from applications, namely My ,, and sGr(2,n),
are simpler models than the positive Grassmannian. Another observation is that, unlike the
first two models, the critical points of the likelihood function on the Grassmannian are not
all real. The key to understanding the real behavior is the logarithmic discriminant [77].
This is analogous to the RR discriminant in Section 5.2, and is computed in the same way.

Example 8.6.4. The logarithmic discriminant of Gr(2,4) is an irreducible hypersurface of
degree 14 in the data space P°. Its defining polynomial has 8 427 terms; the first few are

8 .2 2 2 8 3,2 8 .4 2 7.3 .2 2 7.2 .3 2
UTpUT3UT4 U3 + 2U7aU13UT4 U3 F U p Ut Usg + BU U 3UT UG + 16U U gUT U3
742 6.4 .2 2 6.3 .3 2 6.2 4 2 5.5 2 2
+Buqpurzu U3 + 26Uy urgu Uss + 48U uysut uss + 16ujutsur, uss + 44ui uisuy, usg
5.4 .3 2 5.3 4 2 4 6.2 . 2 4.5 .3 2 4 4.4 2
+64uiyuiguisusg — 16uisuizuisuss + 4lugouisuiusg + 26Uy uisuiugs — 95U U sug 4Uss

7.2 6 .3 8 .2 7.3 8 .3
+20“12“13“14“23 24u12u13u14u23+4u12u13u14u23 28“12“13“14“23 8u12u13ul4u23+

Based on numerical computations, when we sample the entries of u uniformly at random
from [1000], we observe that the number of real critical points is either 2 or 4. o

The main results of this section are formulae for the ML degree of the squared Grassman-
nian sGr(2,7n) and the Grassmannian Gr(2,n), along with the fact that for positive data,
all critical points of the maximum likelihood estimation problem on sGr(2,n) are positive.
It would be interesting to study the discriminants of these optimization problems, and to
extend these results to other Grassmannians.
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Chapter 9

Squared Linear Models

In this chapter, we study an infinite family of models for which an analog of Theorem 8.1.5
holds. Consider a discrete statistical model on n states which is given by linear forms
ly,...,¢, in real variables z1,...,x,, where n > s > 1. In this model, the probability of
observing the ¢-th state is

2(z) .
pi(r) = =—5— fori=1,2,...,n. (9.1)
Zj:l E?(x)
Here z = (z1,...,x5) are the model parameters. The denominator is the partition function.

We write M for the projective variety in P"~! = P! parametrized by (9.1) and I for its
prime ideal in C[py, pa, ..., p,). Our aim is to explain the likelihood geometry of M.

Example 9.0.1 (s = 3,n = 4). Consider the model M defined by four lines in P?, namely
£1:£L'1, gQZIEQ, 63:.773 and E4Z$1+£L’2—|—$3.
Then M is a Steiner surface in P? [35, Example 3.5] with ideal I, generated by the quartic

pl+p3+p5+pi + 6(pip3+ pips + pip: + p3p3 + P3pi + P3pi)
—4(pdps + Pips + - + p3pl) + A(pPpaps + Pipapa + - - + papaps) — 40p1papspa.

The surface My is singular along three lines. Its smooth part has 16 = 4 4 3 - 4 connected
components in the tetrahedron Az = P? ;. These components are formed by the 7 =4 + 3
regions of the line arrangement A = {{y, o, (3, £,} in the plane P%. The likelihood function

p1(w)" pa(z) " p3(x)"“ palw)™, for given data uy, u, uz, us € N,
is positive on P2\ A. It has seven complex critical points, all real, one in each region. o

In general, the likelihood function of a squared linear model (9.1) can have arbitrarily
many local maxima inside the probability simplex. We next present an example to show this.
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Example 9.0.2 (The braid arrangement). Fix c=d+ 1, n = (g), and let M be the model

() = (v — ;)
Py() c<z%1 22) - <2f(:1 PaE

The ideal Iy, is generated by th& 2 x 2 minors of the symmetric s X s matrix with diagonal
entries 2p;. and off-diagonal entries p;. + pjc — p;; for 1 <<, 57 < d. Thus M is a Veronese

for 1<i<j<ec (9.2)

variety. It has dimension ¢ — 2 and degree 272 in P(5)-!. The likelihood function has ¢! /2
complex critical points. All of them are real and positive. There is one such point in each
region of the braid arrangement in ]P’;f{l. These regions are indexed by the ¢! permutations
of {1,2,...,c}, modulo reversal involution. We view M as a subvariety of the squared
Grassmannian sGr(2, ¢+ 1) (Section 8.2). Both models have the same ML degree. o

Given the model (9.1), we fix data uy,...,u, € Ryy. We are interested in the log-
likelihood function

Ly(z) = ulog (}(z) + - +u,log 2(x) — (ug + -+ uy,) log ((F(z) + - + Ei(x))‘i (9.3)

In Section 9.1 we prove that all complex critical points of (9.3) are real, and there is precisely
one critical point in each connected component of Pﬂdgl\fl. Hence the ML degree equals the
number of such regions, which is Zf:_ol (:(3 1) when the hyperplane arrangement A is generic;
see, e.g., (9.9). This result is Theorem 9{1.1. It rests on the work of Reinke and Wang [109].

In Section 9.2 we study the variety C P!, focusing on generic arrangements A. For
large n, the ideal I, is generated by linear forms and the 2 x 2 minors of a symmetric s x s
matrix (Proposition 9.2.1). For small n, the variety M is a projection of the Veronese variety
vo(Ps71). The ideal I, is complicated, and tough computations are needed. Proposition 9.2.4
summarizes what we know. The singular locus of M is determined in Theorem 9.2.5.

Section 9.3 is devoted to the parametric likelihood correspondence. This is the variety in
Ps~! x P"! which parametrizes pairs (x,u) where z is a critical point of the log-likelihood
function (9.3) for the data u. We study its bihomogeneous prime ideal using the methods
in [75, Section 2|. Theorem 9.3.2 expresses the likelihood ideal for generic arrangements as
a determinantal ideal. The ideal is minimally generated by (sﬁz) olynomials of bidegree
(1,n —s+2) in Clz, u.

In Section 9.4 we study likelihood degenerations [I| when A is generic. Theorem 9.4.1
shows that the critical points are distinct even when u is a unit vector e;. We then turn
to tropical maximum likelihood estimation (MLE) for squared linear models. Tropical MLE
for linear models appeared in |1, Section 7|, and it was developed for toric models in [11].
Corollary 9.4.3 is an analogue to |1, Theorem 7.1], but now for all regions of the arrangement
A, not just bounded regions.

In Section 9.5 we investigate log-normal polytopes and log-Voronoi cells, as defined in [].
For each distribution p in the model M, the former parametrizes data u such that p is critical
for (9.3), while the latter parametrizes data u such that p is the MLE. These convex bodies
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agree for linear models [3]. They disagree for squared linear models, even when both are
polytopes (Example 9.5.5). The log-normal polytopes are characterized in Theorem 9.5.1.
In Section 9.6, we show how squared linear models arise in applications. Namely, we
prove that when the hyperplane arrangement A is a discriminantal arrangement, then the
corresponding model is a linear projection determinantal point process (Proposition 9.6.2).

Software and data for computational results in this paper are presented on a Zenodo
page, available at https://doi.org/10.5281/zenodo.15997158.

9.1 Real and Positive

We will show that all complex critical points = of (9.3) are real. Therefore, £3(z), ..., ¢%(x)
are positive, and every critical point of the log-likelihood function yields a probability dis-
tribution in A,,_;. This is reminiscent of the proof of Theorem 8.1.5. By Theorem 2.3.5, the
number of critical points of (9.3) is the signed Euler characteristic of the very affine variety
underlying our statistical model. This variety is the complement in P*~! of the n hyperplanes
V(ty),...,V(£,) and the quadric V(q) defined by ¢ = ¢? + - -- + (2. Tts Euler characteristic
is an upper bound on the number of real critical points. One argues that there is at least
one critical point per region of Pg '\U™, V ({;). This gives a lower bound on the number of
real critical points. The punchline is that the two bounds agree.

Theorem 9.1.1. For generic data v € RZ, all complex critical points of the log-likelihood
function (9.3) are real, and there is one critical point in each region of IP’%_I\A. Hence every
critical point on the implicit model M C P! is positive and is a local mazimum.

As a consequence, any local optimization method, e.g., gradient ascent, used to find
the MLE is likely to fail, since there is an abundance of spurious local maxima. Instead,
computing the MLE via homotopy continuation might be more appropriate.

To prove Theorem 9.1.1, we apply [109, Theorem 1.2], which states that, if the partition
function ¢ = 2 +- - -+ (2 is replaced with a generic quadric g, then all critical points of (9.3)
are real. By generic, we mean that the hypersurface V' (g) is in general position relative to the
hyperplane arrangement A = {V(¢),...,V({,)}, i.e., no nonempty intersection [./; V' (¢;)
for I C [n] is tangent to V' (g). We will prove that the partition function ¢ satisfies this.

Lemma 9.1.2. The quadratic hypersurface defined by ¢ = €3+ ---+ €% in P71 is in general
position with respect to the hyperplane arrangement A that underlies the squared linear model.

tangent to the hypersurface V(q). Let A be the n x s matrix satisfying Az|= ({;(2))icp-
We assume that A has rank s, so the arrangement A is essential. Otherwisey s — rank(A)
of the variables can be eliminated, resulting in an essential arrangement in Pra*k(A)-1 Tf A,
denotes the ith row of A, then the gradient of the partition function is

Vig(z)) = 201(x)Ay + - +20,(2)A, = 227 ATA.

Proof. We prove that, for any nonempty subset I C [n], the intersection ﬂf[ V(¥;) is not
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We proceed by induction on the cardinality |I|. We first claim that V'(¢;) is not tangent to
V(q) for i =1,...,n. This is equivalent to proving that the 2 X s matrix

2T AT A
= (30
has rank 2 at every point = € V(q) NV (¢;). We now show the contrapositive.

Suppose there exists o € C* such that az? AT A = A;. Since A; is real and nonzero and
AT A is a real invertible matrix, oz is also real and nonzero. Since ¢ is a sum of squares and
a # 0, we have ¢(ax) = a?q(z) # 0. Thus the matrix C has rank 2 for any x € V(q) NV (¢;).

We now consider an index set I of cardinality r. After relabeling, I = {1,2,...,r}, and
we assume that (;/, V(¢;) is non-empty. We must show that this intersection is not tangent
to V(q). If it were éngent, there would exist A\q,..., A\, such that \;A;+---+ )\ A, = 2T AT A,
Letting proj,, (v) dehote the orthogonal projection of v onto the hyperplane V' (¢;), this implies

0 + Aoproj, As + - - - + Aproj, A, = proj, (zTATA). (9.4)

We now view the intersections V (¢3) NV (¢1),..., V(£,) NV (4y), V(qg) NV (1) as subvarieties
of V(1) = P42, In that ambient space, the normal vector of V(q) NV (¢;) is proj,, (z7 AT A)
at x. Similarly, the normal vector of V' (¢;) NV (¢) is proj,, (A;). The condition (9.4) means
that the intersection ();/,(V (£;) NV (¢1)) is tangent to V(q) NV (1) = V(63 +---+2)NV (¢y)
inside P*~2. This is a c<é1tradiction to our induction hypothesis. We conclude that the ¢; are
in general position relative to the quadric ¢ in the complex projective space P41 O

Remark 9.1.3. Lemma 9.1.2 can fail if the coefficients of the /4,...,¢, are complex. For
example, if s =2, n =3 and ¢, = /—1-2, l, =y, {3 =2+ y, then the quadric factors as
q =03+ 0%+ 02 =2y(x +y). The intersection V(q) NV (¢3) = V(¢3) is not transverse.

We will now prove the main result in this section.

Proof of Theorem 9.1.1. By Lemma 9.1.2, the quadric V(2 + - - -+ ¢2) is in general position
with respect to the arrangement A. As in the previous proof, we assume that A is essential,
since we can always reduce the number of variables to obtain an essential arrangement.

We work in an affine chart where ¢;(x) = 1; the quadric is still general with respect to
V(ly),...,V(£,)and the arrangement A" = {V (¢3),...,V({,)} is essential. Indeed, since n >
s, we may assume that the normal of V'(¢;) is in the span of the normals of V' ({s), ..., V(£,).

On our affine chart {¢;(z) = 1} = C?!, we consider the affine log-likelihood function

2ug log lo(x) + - + 2uy log £, (2) — (uy + -+ + up) log(1 + Lo(z)? + - - + Ly(2)?).  (9.5)

We do not lose any critical points when moving to the affine chart, since all critical points of
(9.3) have ¢;(x) # 0. By [109, Theorem 1.2], the affine log-likelihood function (9.5) has only
real critical points, and there is exactly one critical point per region of the affine hyperplane
arrangement R*~'\ A’. Hence the log-likelihood function (9.3) has only real critical points.
It has exactly one critical point per region of the projective hyperplane arrangement Pg "\ A.
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The implicit model M is a subvariety of P"~1. For a critical point p* in M, there is
a critical point z* € P*~! of (9.3) such that pf = (?(x*) for all i. Since z* is real, all
complex critical points p* on X are real with positive coordinates. The likelihood function
[T, 4i(z)* is positive on P§ '\ A and zero on A, so all critical points are local maxima. [J

The number of regions of a hyperplane arrangement A in real projective space P% ' is
computed by means of the characteristic polynomial x 4(t) of the matroid represented by A.
See [109, Section 2] for definitions and [21] for state of the art on computations. Zaslavsky’s
Theorem states that the number of regions of the central arrangement in R® equals |x4(—1)|.

Corollary 9.1.4. The ML degree of the squared linear model (9.1) is equal to |x.a(—1)|/2.

Example 9.1.5. The braid arrangement in Example 9.0.2 has the characteristic polynomial

xa(t) = (t=1t—=2) - (t = (c—1)).
Hence the ML degree of the squared linear model (9.2) is equal to |x4(—1)|/2 = ¢!/2. ©

Remark 9.1.6. The variety M has degree 257! in P*~! provided A contains s+1 hyperplanes
in general position. In this case, the map P*~! — M is birational, and the ML degree of the
parametric model agrees with that of the implicit model. To prove this, consider a generic
fiber {(£xy : a9 : -+ : £x,)} of the coordinatewise squaring map P*~1 — P*~!. These 25!
points have distinct images in P* if we tag on the extra coordinate (£ + +y + - - - + +z,)%.

A birational inverse from M to P*~! can be found using Grébner bases, but its coordinates
are generally complicated. For instance, here is such an inversion formula for Example 9.0.1:

xy pi+pd P34 pi— 2pip2 + 6pips — 2p1ps — 2paps — 2paps — 2p3pa
T3 4ps(—p1 + p2 — p3 + pa)

If the matroid of A is not connected, then the map P*~! — M is not birational, and the
degree of M in P"~! is strictly smaller than 2°~!. For instance, if we replace Example 9.0.1 by

by =z, by =29, €3 =13 and (4 = x1 + 79,
then M is a quadratic cone in P2, and its parametrization P? — M is two-to-one.

Let M+ denote the intersection of the variety M with the open probability simplex
A, = ]P’Zal. In statistics, M~ is the natural domain of the log-likelihood function.

Proposition 9.1.7. If the variety M is smooth and its parametrization P=1 — M is
birational, then Mg is a manifold with precisely |x4(—1)|/2 connected components. This
holds for generic arrangements A when n > 2s — 1, but it does not hold forn = s+ 1> 4.
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Proof. Here we make a forward reference to the results on singularities in Theorem 9.2.5.
Since M is smooth, the parametrization is one-to-one outside the n hyperplanes V (¢;) of the
arrangement A. Hence the parametrization restricts to a homeomorphism between IP’]f{l\A
and M~o. The inverse is given by identifying the correctly signed square root for each
pi(x) = £;(z)?. The result hence follows from Zaslavsky’s Theorem. The failure for n = s+1
was seen for the Steiner surface in Example 9.0.1. Here the singular locus has codimension
one, and the map attaches pairs of different regions of IP%_I\.A along the singular locus. [J

9.2 Implicit Model Description

In this section, we study the implicit representation of a squared linear model in P*~1. Qur
aim is to describe its homogeneous prime ideal. We first focus on the generic case. Let M,
denote the model for n generic linear forms in s variables, and write [;,, for its prime ideal.
Thus I, is the ideal of algebraic relations among the squares of n generic linear forms in
x1,...,Ts. That ideal is easy to describe in the regime when the number n is large enough
relative to s.

Fix m = (sgl) .{Let M be the n x m matrix whose ¢th row consists of the coefficients of
(%(z). The columng of M are indexed by quadratic monomials in xy, . .., z,. Let (M p) denote
the n x (m+1) matYix obtained from M by appending a column of variables p = (p; -+ p,)7.
To construct the quadratic generators of I ,,, we define M’ to be the m x m matrix formed
by the first m rows of M. The matrix M’ is invertible because the linear forms ¢1,. .., ¢, are
generic, so their squares span the space of all quadratic forms. We define the column vector

The entries of r are indexed by the quadratic monomials in zq,...,x,. These are naturally

identified with the entries of a symmetric s x s matrix R = (r;;). Hence R is a s X s matrix

whose entries are linear forms in the first m = (5+1) (oordinates Ps- .-, Pm of PP7L Given
1

2
any matrix M and t € N, we write I;(M) for the ide4l generated by the ¢ x ¢ minors of M.

Proposition 9.2.1. Let n > m. The prime ideal of M., equals Is,, = I,11((M p))+12(R).
This ideal is minimally generated by n — (;) inear forms and 1—12(3 +1)s%*(s — 1) quadrics.
The variety M, is isomorphic to the quadrdtic Veronese embedding of P5~! into P™ 1.

Proof. The (m+1)x (m+1) minors of (M p) give linear forms in p that vanish on the variety
M. Since M has rank m, precisely n — m of these linear forms are linearly independent.

By construction, the matrix R has rank one on the variety M,,. This means that the
2 x 2 minors of R lie in the ideal I; ,,. Together with the n —m independent linear forms from
(M p) they generate a prime ideal of the correct codimension. Hence this ideal equals I ,,.

A symmetric s X s matrix has ((;);1) inors of size two. These are linearly dependent
elations. Hence the space spanned by the 2 x 2

for s > 4. Namely, they obey (3) (inear



CHAPTER 9. SQUARED LINEAR MODELS 141

minors of a generic symmetric s x s matrix has dimension & (s+ 1)s?(s—1). This is also the
dimension of the Schur module S5 5(C?), so our count follows from [$4, Proposition 6.10.4.1].
We claim that M, is isomorphic to vo(P*7!). Indeed, the coordinate ring of M, is

Clpy, - onl/sn = Clpy, -+ pul /(12(R) + I 1 ([M pl)) = Clpy, ... pml/ I2(R).

The isomorphism follows from the fact that the maximal minors of (M p) express pimi1, - .-, Pn
as linear combinations of py, ..., p,. Now, apply Proj to these isomorphic graded rings. [J

The braid arrangements in Example 9.0.2 yield an infinite family of models with n = m.
The first instance in this family of quadratic Veronese varieties is the plane curve vy(P') C P2.

Example 9.2.2. Let s = 2,n = m = 3 and consider the linear forms {z,y, x +y}. We have

100 (2 00 A
M=M=100 1 and hence M 'p = 5 -1 -1 1 =5 |ppi-p2 |
2 1 2 0 2D (

The model My 3 = vy(P') is the conic in the plane P? defined by 4pips = (p3 —p1 —p2)?. ©

Example 9.2.3. Consider the seven lines in P? defined by {x,y, z, 2 +y+ 2z, 2+ 2y + 32,z +
S5y+T7z,x+11y+13z}. Here, s =3,n=T7and m = (361) = 6. We consider the 7 x 7 matrix

70 0 0 0 m
0 1 0 0 0 p
0 0 0 0 1 ps

(Mp) = |12 1 2 2 1 psf.
1 4 4 6 12 9 ps

10 25 14 70 49 pe
22 121 25 286 169 py

The first six columns are labeled by (2%, xy,vy? xz,92,2%). The upper left 6 x 6 block of
(M p) is the matrix M’. Its inverse yields the vector r = M'~!p, whose coordinates are the

entries in
r T2 T4

R = |ry r3 15

'(Z s Te
The prime ideal I ,, of the model M3 C P® 1§ generated by one linear form and six quadrics.
The linear form is the determinant of (M p), and the quadrics are the 2 x 2 minors of R. ¢

are much more complicated than in Proposition 9.2.1. Not mu¢h idknown about the ideals of

We now turn to the regime where n is smaller than m = (‘E:) Here the ideal generators
h
such projections in general. The following result collects what We Rnow in small dimensions.

Proposition 9.2.4. Table 9.1 gives the degrees of the generators of I, for s <6 andn < m.
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| (s,n) Degrees | (s,n) Degrees | (s,n) Degrees | (s,n) Degrees |
(3,4) 4' | (5,6) 16! (5, 14) 933 (6,13) 453
(3,5) 37 | (5,7) 9710%11" (6,14) 3%
(5,8) 516% (6,7) 32! (6,15) 3218
(4,5) 8! (5,9) 5286 (6,8) 15M16TEITITRIRIL | (6,16) 2103194
(47 6) 4151062 (5, 10) 3104120 (6, 9) 101338711668 (6, 17) 227348
(4,7) 445 (5,11) 376 (6,10) 769481158 (6,18) 2%
(4,8) 2232041 | (5,12)  283% | (6,11) 61820 (6,19) 264
(4,9) 20 | (5,13) 22132 | (6,12) AT85129 (6,20) 28

Table 9.1: Degrees of the minimal generators (multiplicities in the exponents) for the prime
ideals I;,. The gray entries refer not to minimal generators but to Grébner basis elements.

Proof and Discussion. Proposition 9.2.4 was obtained by computer algebra, utilizing the
Grobner basis implementation in Oscar.jl [102]. Computations were performed over the
rational numbers or finite fields. We computed Grobner bases and extracted minimal genera-
tors. The cases (6,8), (6,9), (6,10) are more challenging and will be completed in the future.

The ideal I, comprises relations among squares ¢ of generic linear forms ¢;. If we replace
these squares with generic quadrics then most entries of Table 9.1 remain unchanged. The
smallest exception is (s,n) = (5, 7). Here, generic quadrics yield different numbers of minimal
generators. The prime ideal /57 has 107 minimal generators. There are 71 generators in
degree 9, and 35 in degree 10, and one in degree 11. By contrast, the prime ideal of relations
among seven generic quadrics in five variables requires 112 minimal generators, namely 70
in degree 9 and 42 in degree 10. The (5, 7) entry would be 9721042 for generic quadrics. [

What follows is a brief discussion of the prime ideal I for the squared linear model M
given by an arbitrary hyperplane arrangement 4. The linear forms ¢y, (s, ..., ¢, are allowed
to be special. The ideal I was studied for small s by Dey, Gorlach and Kaihnsa in |35,
Section 4.3]. Their analysis rests on the point configuration dual to the arrangement A. Let
A; = V. li(z) € R® be the vector of coefficients of ¢;. We view Ay, ..., A, as points in P$~1,

The ideal I depends on the space of quadrics in P*~! that pass through the points
Ay, ..., A,. If there are no such quadrics then we are in the generic situation of Proposi-
tion 9.2.1. If the A; span a unique quadric that is irreducible then [ is generated by n—m—1
linear forms together with the nonlinear equations of Mj,,_;. For instance, if s = 3 and

Ay, Ay, ..., A, lie on a conic in P? then [ is generated by n — 5 linear forms and 7 cubics.
This is case (a) in |35, Theorem 4.9 (ii)]. If the A; lie on several quadratic hypersurfaces then
we are led to a case distinction as in [35, Theorem 4.9 (iii)]. See also [35, Section 4.2] for

an interesting connection to the variety of symmetric matrices with degenerate eigenvalues,
namely the symmetric matrices in the discriminant in Example 5.2.6.
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We now turn to the question whether the generic model My, is smooth. This hap-
pens when n is large relative to s. For instance, if s = 3 then the model is singular for
n = 4, by Example 9.0.1, but it is smooth for n > 5. This threshold is explained by the
following theorem.

Theorem 9.2.5. Ifn > 2s—2 then the generic squared linear model M, is smooth in P"~1.
If n < 2s — 2 then M, is singular, and the singular locus has dimension 2s —n — 1. It is
the image of all linear subspaces in P*~1 on which the map x v+ ((3(x) : --- : £2(x)) 1s not

injective. In particular, for n = 2s — 2 the singular locus of My, consists of %(255—_12)

25 —2 < n < m. Then|M,, is the image of v,(P*~') C P™! under a generic linear
projection 7: P~ ——» P» %, The center £ of 7 has dimension m —n — 1. The secant variety
02(v9(P*71)) has dimension 2s — 2, by [34, Exercise 5.1.2.4]. Therefore, since 2s — 2 < n, a
general linear space £ does not meet the secant variety of v,(P*~!). Thus, by [117, Corollary
2.7], 7 defines an isomorphic embedding of P*~! into P"~! and smoothness is preserved.

Now, let n < 2s — 2. Since A is generic, the rank of the Jacobian of our map is constant
on P71\ A. All singularities of M, arise from pairs {x, 2’} of distinct points in P5~! which
have the same image in M,, C P"~'. Since the linear map A : P*~t — P" 1z (£;(2))icq)
is injective, these points satisfy Ax # Az’. Hence Az and Az’ differ only by sign flips.

Consider any partition I U J of [n] = {1,...,n}. Let A;; be the matrix whose ith row
is A; if i € I and —A; if i € J. Then (Az)? = (Az')? exactly when Az’ = A; ;x for some
partition [ LI J = [n]. Note that if [I| > s or |J| > s, then 2’ is forced to equal x. Therefore
the model parametrization is non-injective precisely on the subspaces ker(BA; ;) C P57
where the partition /U .J = [n] satisfies |I|,|J| < s—1. Here B denotes an (n — s) X s matrix
with ker(B) = im(A). The subspaces ker(BA; ;) have dimension 2s —n — 1 as desired.

In the boundary case n = 2s — 2, we have |I| = |J| = d — 1. There are precisely 3(*7) (

(Znes.
Proof. Forn > m = (5'51),<the variety M, is smooth by Proposition 9.2.1. Next sippose

such partitions I L.J = [n]. Each of them contributes a line to the singular locus of Ms,n.s 1[]
Example 9.2.6 (s = 4). The variety My, is smooth for n > 7. For n = 6, our model is a
threefold of degree 8 in P°, defined by one quartic, ten quintics and two sextics. The singular
locus of M, ¢ consists of ten lines, one for each partition of {1,2,...,6} into two triples.
For n = 5, we take ¢; = x; for i = 1,2,3,4 and {5 = 21 + 22 + 23 + x4. Then I 5 is
generated by one polynomial of degree 8 with 495 terms. The singular locus of the threefold
M 5 decomposes into ten irreducible surfaces in P*. Each of these is a quadratic cone, like

V(p1 — pa, 3 + D; + Ps — 2pspa — 2psps — 2paps) =  image of [V(gh ly) + V (€3, 44, 55){(

It would be interesting to derive a general combinatorial rule for the singular locus of M.

9.3 Likelihood Correspondence

In this section, we study the likelihood correspondence of the squared linear model given by n
linear forms /1, ..., ¢, in s variables z = (z1,...,xs). The likelihood correspondence (Chap-
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ter 2) captures the relationship between data and critical points of the log-likelihood function

n

Lyu(z) = Z( i log(pi(z Zul log(¢3(x)) — log(q Zuj (9.6)

i=1

As before, ¢ = (24 - -+ (2 is the partition function, and the parameters uy, . .., u, represent
the data. The partial derivatives of L 4, with respect to x1, ..., x4 are homogeneous rational
functions. These depend linearly on uq,...,u,. Our object of interest is the variety in the
product space of all pairs (x,u) which is defined by setting these rational functions to zero:

Definition 9.3.1. The likelihood correspondence P4 is the Zariski closure in P! x P! of

X

{6&) EP T x Pt () o (2)q(z) # 0, p(x) € Moy and agA’“ (x) = 0Vie [s]} .

The likelihood ideal 14 C Cluy, ..., up,,x1,...,2q] is the bihomogeneous prime ideal of P4.

The implicit likelihood correspondence was covered in Chapter 2; here we use the para-
metric likelihood correspondence, in the spirit of Section 2.4. The projection P*~! x P=1 —
P! (z,u) — u induces a finite-to-one map P4 — P"~1. The degree of this map is the ML
degree. By Corollary 9.1.4, the ML degree is equal to the number of regions of the hyper-
plane arrangement. Thus, all fibers are fully real. Each connected component of P '\ A is
represented by one point in each fiber of Py — P71,

Let A denote the n x s Jacobian matrix of our linear forms. Thus, the rows of A are the
gradient vectors A; = V,{;(z) for i = 1,...,n. In the following theorem, we assume that A is
generic. In particular, the rank s matroid of A is uniform, and ¢ is transverse to the generic
arrangement A4 in P*~!. Fix any (n — s) x n matrix B whose kernel equals the image of A.
The n — s rows of B span the linear relations among the linear forms ¢;(x), lo(z), ..., ly(x).

Our main result in this section is the following explicit description of the prime ideal I 4.

Theorem 9.3.2. The likelihood ideal I 4 for the generic model M, is minimally generated
by the maximal minors of the matriz

1 U2 Unp,
cC= 1\ 6 - 6721 (9.7)
-diag(ty,...,¢

This matriz has n—s+2 rows and n columns, and its ( S(r gznors all have degree (1,n—s+2).
f

Proof. We use the description of the likelihood ideal metric models appearing in |74,
Definition 2.3] and [75, Section 1]. Therein, the authors consider polynomials fi,..., f,.
When these define a strict normal crossing (SNC) arrangement, the construction in |75,
equation (7)] gives a matrix @ = Q?l whose maximal minors generate the likelihood ideal.
In that construction, the first polynomial f; is special. Namely, the subscript “\1” indicates
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that the column for f; was deleted from another matrix Q“. In what follows, the partition
function ¢ plays the role of f;, and the linear forms ¢4, ..., ¢, play the role of f5, ..., fi,.

The log-likelihood function of the squared linear model M, is shown in (9.6). This
function coincides with the log-likelihood function of the (unsquared) arrangement A =
{q,01,05,..., 0, after substituting up — —(u; +---+u,) and u; — 2u; fori =1,...,n. We
claim that the arrangement A’ is SNC in the sense of [75]. This means that all intersections
of hypersurfaces in A’ are smooth of the expected dimension.

Indeed, by Lemma 9.1.2, no intersection of the hyperplanes is tangent to V(g). It re-
mains to show that the hyperplanes meet V(¢) in the expected dimension. Without loss
of generality, we may work in an affine chart and transform coordinates so that ¢;(x) = x;
for i = 1,...,s. Assume there exists z € V(¢) N(Z; V(¢;). Then z = (0,...,0,z,) and
q(x) = az? for some nonzero constant «. Hence, x§ V(ls), so x is in the intersection of
s hyperplanes. This is a contradiction to the ¢; being\in general position. Therefore, A’ is
strict normal crossing.

It now follows from [75, Corollary 2.4] that the likelihood ideal I 4 is generated by the
maximal minors of the following matrix, which has n + 2 rows and n + d columns:

<0 0 ... 0  Ounqlx) 0nq(z) ... Opq(z) (

() 0 ... 0  Onli(z) Opli(z) ... Optli(7)
0 gQ(ﬂj) Ce 0 0x1€2(x) 8x2£2 27) Ce 096562(17)
Q= : L : : : . : (9:8)
0 0 ... ly(x) Oplp(x) Opyln(x) ... Optln(x)
Uy Uy ... Uy 0 0 .. 0

the row above this is the gradient Vq(z) = 227 AT A of the quadlratic form ¢(z).

On the right, we see the n x s Jacobian matrix A = (fléj (2)) €)f the n linear forms. And,
The image of A spans the kernel of the (n—s) x n matrix B, so the n x n matrix (gT A)T

is invertible. The following (n + 2) x (n + 2) matrix has an inverse with polynomial Entries:
0 . 1
B 1 l(z) -+ Lu(z) O
T = B o |
0 AT 0

Hence the ideal of maximal minors of ) agrees with that of the (n + 2) x (n 4 s) matrix

Wy Uy - Uy 00 --- 0
e e 2T AT A
T-Q = ~diag(lh,. .. 0) 00 - 0

. diag(ly,...,0,) AT-A

Since the rows of AT are linearly independent, the symmetric s X s matrix AT A is invert-
ible. Hence we can replace T - () by its submatrix given by the first n columns and the first
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2+4n — s rows. That submatrix is precisely the (n — s+ 2) X n matrix in (9.7). We have thus
shown that 14 is generated by the maximal minors of (9.7). All generators have the same
degree (1,n — s+ 2). And, unlike @, the matrix (9.7) has no constant entries. This ensures
that the ( ﬁz) maximal minors of (9.7) are minimal generators for the prime ideal I4. O

Our argument confirms that the ML degree of M, ,, equals the ML degree of the arrange-
ment A’. According to [75], the latter is the coefficient of z*~! in the generating function

1
(1—2)»5(1—-2z2)

(9.9)

This coefficient is found to be p = Zfﬁé (’E "), which is the number of regions in P§ "\ A.

Example 9.3.3 (s = 3,n = 4). Let A Be thg arrangement of four lines in Example 9.0.1. Then
T

= % i <amil3<(l 1—U(

The likelihood ideal I 4 in C[xy, o, T3, u1, ug, us, uy] is generated by the 3 x 3 minors of

o = O
_ o O

U1 Uy U3 Uy
c=1|e e e
1 £2 €3 _€4

The likelihood correspondence P4 is a threefold in P? x P2. The map onto P? is 7-to-1. ¢

We conclude with a remark on the non-generic case. If A’ is not SNC then the maximal
minors of the matrices (9.7) and (9.8) generate the same ideal I in C[z,u]. However, that
ideal is strictly contained in the likelihood ideal I 4. We can compute I 4 from I by saturation
with respect to ¢14y - - - £,,. This follows from Proposition 2.9 and Remark 2.10 of [71].

Example 9.3.4 (The braid arrangement). Let s = 3,n = 6, ¢ = 4 and consider the model in
Example 9.0.2. Setting x; = z, xo =y, 3 = z, x4 = 0 and relabeling, the matrix (9.7) equals

Clz Uiz U4 U23 U24 U3g (
z? oy 2 (z—y)? (—2)? (y—2)
C = x y 0 x—y 0 0

z 0 z 0 r—z 0

0 -y =z 0 0 y—z

The six maximal minors of C' generate a radical ideal I. It has the prime decomposition

I = Ian{x,y) N {(z,2) N {y,z) N {x—y,x—z).

The likelihood ideal I 4 has three minimal generators, of bidegrees (1,3), (1,4) and (1,5). ©
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9.4 Likelihood Degenerations

In this section, we examine the likelihood correspondence of squared linear models over
degenerate data points u. In particular, we determine tropical limits of the critical points
of (9.3). The framework of tropical likelihood degenerations was developed for linear models
in [1, 5] and for toric models in [11]. Tt allows one to study maximum likelihood estimation
as model parameters or data points approach special values, particularly model zeros. We
extend these recent advances on the tropical geometry of likelihood inference.

The following formulation of our MLE problem will be used in this section. Our model
is specified by two matrices A € R™* and B € R("=*)*" guch that the image of A equals the
kernel of B. We shall assume that the pair (A, B) is generic, in a sense to be made precise.

For our computations, we use the n unknowns y; = \/p; = {i(x), i = 1,2,...,n. Thus
we work in projective space Pp ! with coordinates y = (y; : 42 : -+ : yn). The hyperplane
arrangement A is the restriction of the coordinate hyperplanes in Pj " to im(A4) ~ P5 .

According to Theorem 9.3.2, our task is to solve the system of polynomial equations

1 u2 PR un
B-y =0 and rank 2oy o R K n—-s+1. (9.10)
~diag(y1, -+, Yn)

For generic data u = (uy, ..., u,) € Pi~!, the number of solutions to (9.10) is = 3273 ('7h.
We set [n] = {1,2,...,n} and we write ¢; for the ith standard basis vector ig R" In

what follows next, we specialize u = e;. This means that u; = 1 and u; = 0 for j € }n]\{4}.

Theorem 9.4.1. Suppose that (A, B) is generic and set u = e;. Then (9.10) defines a radical
ideal in Rlyy, ..., yn], which has p zeros y in Pﬁ_l. The supports of the pu zeros are distinct,
i.e., J ={j € [n]:y; = 0} ranges over all subsets of cardinality at most s — 1 in [n|\{i}.

Proof. Let A® be the affine arrangement of n — 1 hyperplanes obtained by setting y; = 1.
Let b; denote the jth column of the matrix B. We consider the (n — s+ 1) x (n — 1) matrix

B — 1o Yi-r Y1 ot YUn _
(1 coo by by oo by
We also introduce the diagonal matrix Y = diag(y1, ..., %-1,Yit1,- .-, Yn). Since u = e;,
the maximal minors of the matrix in (9.10) are precisely the maximal minors of B®Y ).
After relabeling we may assume i = n. Bach maximal minor of B™Y ™ factors as
det(Bén))yclyc2 “* Ye, 4., Where B™ is the submatrix of B™ with column indices ¢ =

{c1,...,¢cnas1} € [n —1]. We claim that the ideal of maximal minors I,,_,.;(B™Y ™) is
radical and that its prime decomposition is given by

Lo (BWY™) = [y 5 € J) + Leaa(BR 1)) |- (9.11)
J



CHAPTER 9. SQUARED LINEAR MODELS 148

Here, the intersection is taken over all flats J C [n — 1] of the affine arrangement A™. Since
B is generic, there are p flats, given by the subsets J of cardinality < s—1. The factorization
of minors above shows that the radical of the ideal on the left in (9.11) equals the intersection
on the right. In particular, the ideal I,, ;1 (B™Y ) in (9.11) has the expected codimension
s—1. Since it is a determinantal ideal, this implies it is Cohen—Macaulay |12, Theorem 18.18|
of degree p. Therefore, both ideals in (9.11) are Cohen—Macaulay of the same degree and
agree up to radical, hence they are equal.

We now impose the n — s linear equations B -y = 0 on each of the u linear spaces of
codimension s — 1 on the right in (9.11). Since B is generic, this has a unique solution
y € P! and this solution satisfies y; # 0 for j & J. More precisely, the coordinates are

Yn = 1, yj = O fOI‘ j I~ J, and y[n_l]\J = —B[YT;?H\J (B[n_l]\JB[YT’hl]\J)fl bn

For generic B, y[,—1)\s has non-zero coordinates, and B -y = By,_1)\s * Yn—1p\g + b = 0.
We have shown that the linear space {y € P"~!: B -y = 0} intersects the p irreducible
components in distinct reduced points. Therefore, the entries of B-y form a regular sequence
modulo I,,_,11(B™Y ™). Adding this regular sequence yields a Cohen-Macaulay ideal of
Krull dimension one in Ry, . .., y,]. Thisideal is radical, and it equals the ideal in (9.10). O

Example 9.4.2 (s = 2,n = 4). The rank 2 matroid on [4] is uniform for the model given by

r (Y110 (1 -2 10
A _({121)<and B_(1 —101)'

Theorem 9.4.1 concerns the special data s = (1,0,0,0). The relevant minor of C' in (9.7) is

Vi Vi i
det(BYYW) = det [ 52y, ys 0
Y2 0 ya

The radical ideal I3(BYY M) = (1) N (y3) N () N (yo + 2y3 + 34) gives u = 4 planes
in P2, but two of these planes meet the line {y € P?> : B -y = 0} in the same point. So
the model is not generic in the sense of Theorem 9.4.1. The likelihood ideal at u = e; is
not radical:

I3(BOYW) 4+ (B y) = (y2, y1+ya, ys—ya) N (U3, y1—y3+2ya, Yo —y3+ya) O (Yar y1— Y3, Y2 — ).
One checks that this ideal becomes radical for any small perturbation of the model (A, B). ¢

We now discuss tropical MLE. By Theorem 9.1.1, all solutions to (9.10) are real, and there
is one solution in each region of P%_I\A. This statement remains valid for any real closed
field, such as the field R = R{{e}} of real Puiseux series. If our data vector u has coordinates
in R, the system (9.10) has p solutions with coordinates in R. The coordinatewise valuation
w = val(u) € Q" of u is the tropical data vector. For any solution y of (9.10) in P, we also
record its valuation z = val(y) € Q"/Q1. We present a formula that writes z in terms of w.
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Corollary 9.4.3. Fiz a generic model (A,B) and i € [n]. Given data u € R", where
w = val(u) satisfies w; < w; for j € [n]\{i}, the p tropical critical points z are distinct.
There is one for each J C [n|]\{i} of cardinality at most s — 1, and it is

z = Z (wj —w;) €;. (9.12)

jeJ

Before we come to the proof, we go over a detailed example that explains the assertion.

Examples 9.0.1 and 9.3.3. Its ML degree is = 7. We ¢xamine Theorem 9.4.1 for ¢ = 1, so

Example 9.4.4 (s =3,n=4). Let B = (1 11 —1) .éThis is the Steiner surface model in
the data vector is u = (1,0, 0,0). The ideal in (9.10) is radical. Its seven solutions in P are

y(0) = (1:0:0:1),(1:0:-1:0),(1:=1:0:0),
(2:0:—-1:1),(2:-1:0:1),(2: =1:—-1:0),(3:—=1:—1:1).

We now introduce a small parameter € > 0, and we fix the data vector u = (1,€, €', €%).
Each solutions y(e) € P% converges to one of the y(0) above. The seven solutions y(e) are

(1 0263 + 65 —2¢T4+2€8 1 2e* — 26763427 1 1+ 263+264—6€6—467),
(1 0263 — 665427 —26% 1 —1 — 2632694665 —2¢” 1 —2€° + 2827 +6€'9),
(1 D=1 —2e*—26" =27 +H4€8 1 2 4 26" —665—2¢” 1 —2€° — 2684267 +-6€10 ),

(2 : 66 — 48e5+1267+12e5+8166” : —1—3€*—3e+3€°+24¢% : 143633’ +36"—Me® ),
(2 i —1 =363 -3e*+36+126% : 6e* 4 126" —48c3+126%—12€0 : 1 — 33 +3e* +3e>+12¢° ),
(2: —1—3634+3c"—36"+12¢0 : =1+ 3e®—3e* 3" —1260 : —6€® — 12e5—1267+48€7 ),
(3 i —1 — 83 +4e* 45 +72¢% 1 —1 + 43 —8e*+4€°—36€° : 1 — 463—464+865+3666).

Each coordinate is a convergent power series in Z[e]. We computed these with the command
puiseux in Maple. Passing to valuations, the tropical data vector is w = val(u) = (0, 3,4, 5).
The tropical MLE is given by the valuations of the seven solutions above. We see that

z = val(y(e)) = (0:3:4:0),(0:3:0:5),(0:0:4:5),
(0:3:0:0),(0:0:4:0),(0:0:0:5),(0:0:0:0).

These are the p = 7 tropical critical points. These were written in terms of w in (9.12). ¢

Proof of Corollary 9.4.3. We may assume u; = 1 and w; = 0. Then wy, ..., u;_1,Uir1, ..., Uy
have positive valuations. We write w = Zje[n] wje; = Z;i[n] val(u;)e; for the tropical data.
The system (9.10) has p distinct solutions y(e) in P% *. Their special fibers y(0) € Pi ' are
the zeros of the prime components in (9.11). Hence there are p distinct tropical critical points.

Suppose that y(¢) is a tropical critical point with valuation z = val(y(€)) and let J = {j €
[n] : z; > 0}. Because J = {j € [n] : (y(0)); = 0}, Theorem 9.4.1 implies that |J| < s — 1.
By the definition of J, z; = 0 if j ¢ J. Our claim states that z; = w; if j € J.
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Fix j € J. To prove z; = w;, we tropicalize a determinantal equation in (9.10). Let ¢ be
the union of {i, 5} with an (n — s)-subset of [n]\(J U {i}). The minor of C indexed by s is

11 <c - (un/y) ye det(Bagrey).

ci€c k#Lec

The coordinates y., of y are nonzero for ¢; € ¢, so the sum vanishes. After tropicalization,
the vanishing of the sum becomes the condition that the minimum ming e (wi, — 21 + 2¢) is
attained twice. Since z; = 0 for k € c\{j}, we have

Wy, it k,£F#j,
W — 2kt 20 = i T %5 ifk‘:j,

Since z; > 0, the minimum is never attaingd in the last case. By assumption, w; > w;.
This means that wy cannot attain the minimum unless k = 7. Hence the tropical equation
simplifies to min(w;, w;—z;). This yields w; —z; = w; = 0, and we conclude that z; = w;. O

The field R of real Puiseux series is both valued and ordered, and it is interesting to
combine both structures when studying the likelihood geometry of squared linear models.
In the setting of Corollary 9.4.3, there is one critical point y in each region of IPZ{I\A. The
region is a polytope in P ', and y = y(e) is an arc whose limit y(0) lies on one of the faces of
that polytope. All arcs are repelled by the hyperplane {y; = 0} at infinity, so they converge
to a face of the affine arrangement A®. Note that A® has y flats, while A has ; regions.
The p critical arcs y = y(e) therefore specify a bijection between the flats and the regions.

Y1 y4+_+_y3
+___
+ —++
N &~
:i__,;—k Y2
+ + ++ ++ —
++ —+

Figure 9.1: Tropical MLE for s = 3,n = 4 gives a bijection between the seven regions of
PZ\.A and the seven faces of the triangle. Each arc y(¢) travels from its region to the triangle.
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Example 9.4.5 (n = s+ 1). Here A has y = 2° — 1 regions. Only one of them is bounded
in A, The bounded region is a (s — 1)-simplex, so it has y faces. Each region meets the
(s — 1)-simplex in a distinct face, made manifest by an arc y(e) from the region to that face.

We visualize the case s = 3 with ¢ = 1 in Figure 9.1. The arrangement .4 has four lines
and seven regions in P4. The seven arcs y(¢) are given algebraically in Example 9.4.4. Each
limit point y(0) lies in the closed triangle: three at the vertices, three on the edges, and one in
the interior. The seven tropical solutions z reveal how each arc approaches its limit point. <

9.5 Log-Normal Polytopes

The likelihood correspondence can be viewed as the logarithmic normal bundle of the (s—1)-
dimensional variety M C P"~!. This geometric perspective was emphasized in [70]. Its fiber
over a regular point p in M is a linear space of dimension n— s inside the space P*~! of data
u. The log-normal polytope is the intersection of this fiber with the simplex A,_; = P%;'.
Each log-normal polytope has dimension n — s. -
The model is given by a pair (4, B) as in Section 9.4. We fix p = (y3,...,y2) in M.
Then y = Ax for some x € P '\ A, and we have By = 0. The rank constraints in (9.10) give
s — 1 independent linear equations in the unknowns u = (uy, ..., u,). We seek the solutions
to these equations in the simplex A,_; = Pﬁal. In symbols, the log-normal polytope at y is

(y) := {(e RY, : s satisfies (9.10) and uy +ug + - +u, =1 .

Thus, II(y) consists of al probability distributions in the row span of the (n—k+1) x n matrix

2,2 . .2 Y 11 ---1
Y1 Y3 Yny _ U1 Y2 In) vy — - Y2, (9.13)
B-Y B By

Here we abbreviate Y = diag(y1, ..., yn). The (")) C\aximal minors of (9.13) factor as
ey det [0 Yin 7 Yinea f 1< . <<y < 9.14
YioUin == Yjna =AU ' g or < Yjo <Yjy <+ <Yj_y <. (9.14)
J J In—d

These determinants define (") fiyperplanes in P*~! = P(ker(B)), in addition to the n given

hyperplanes y; = ¢;(z). The chafnber arrangement A% consists of all n + (sﬁl) yperplanes.
Using this enlarged arrangement, we obtain the following characterization of ¢ur polytope.

Theorem 9.5.1. The polytope 11(y) is combinatorially dual to the conver hull = of the
columns of the (n — s) x n matriz BY 1. Each log-normal polytope 11(y) is simple for y €
IP%_I\AC}‘. Its combinatorial type is fized for y in a region of the chamber arrangement A%,

Proof. Let 22 denote the polar dual of =. We prove that Z* is combinatorially equivalent
to II(y). Since y? > 0 for all i, removing the factor Y2 from (9.13) does not change the
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. : . : . ~ 1
combinatorial type of the polytope given by its columns. Setting B = < éy_l), we have

28 = {ze R TBY <1} ~ {zeR" 4 =1, 2'B >0}, and

I(y) = {z"BeR": "B >0, Z(ZTB), =1}~ {z e R ;TB >0, z:(ZTB)z =1}.

i=1 i=1

This shows that the cones over Z* and II(y) are equal. We then apply the argument in the
proof of |3, Theorem 4] to conclude that the polytopes are combinatorially equivalent.

The combinatorial type of = is determined by the rank n — s + 1 oriented matroid of
B; see [0, Section 9.1]. When y is in P "\ A, the minors of B are nonzero and hence the
underlying matroid of the oriented matroid is uniform; hence Z is simplicial. Thus the polar
dual =2 and II(y) are both simple. For y in a fixed region of P& '\ A®, the oriented matroid
is fixed, since changing the matroid requires crossing one of the hyperplanes. n

Example 9.5.2 (d = 2,n = 6). We consider the 1-dimensional model M in P° defined by

- -2 1 0 0 O (
11111 1 -2 1 0 0
A_<(23456) and B = 0 1 -2 1 0
0 0 1 -2 1
The chamber arrangement A consists of 12 points on the circle P4. In addition to the
six points given by y1, ..., ys, there are six new points from the determinants in (9.14). For

instance, for {jo, ..., s} = {1,2,3,5,6}, we obtain 3y;+2ys+y3—ys—2ys = 3x1—722, which
reveals the transition point (70 : 30) in A C PL. For z € PL\ A, the log-normal polytope is
a product of simplices, namely Ay X Ag or Ay X Az or A4, depending on the oriented matroid
of (9.13). For an explicit transition, try the points x = (69 : 30), (70 : 30), (71 : 30). o

We now turn to the log- Voronoi cell of a point p = (y,...,y?) in the squared linear model
M. This is the subset of all data points w in II(y) such that p is the MLE for u. Log-
Voronoi cells for discrete models were introduced by Alexandr and Heaton in [1]. Theorems
8, 9 and 10 in [1] identify various models for which each log-Voronoi cell coincides with its
ambient log-normal polytope. This holds for all linear models. Their log-Voronoi cells were
studied in detail by Alexandr in [3]. However, in general, the log-Voronoi cells are non-linear
convex bodies that are strictly contained in their log-normal polytopes. For an illustration
see |1, Figure 2|. In what follows, we initiate the study of log-Voronoi cells for squared linear
models. We shall see that their geometry is more complicated than that for linear models.

We begin by discussing the simplest model, which is a circle inscribed in a triangle.

Example 9.5.3 (n = 3,s = 2). Let A be the arrangement of three points in P! defined
by {1 = x1, by = X9, {3 = 11 + T5. The model is the conic X = V(p? + p3 + p2 — 2p1ps —
2p1p3 — 2paps) in P2, In the probability triangle A, this is an inscribed circle, so it has three
connected components in As. We see this in Figure 9.2, where the model is drawn in blue.



CHAPTER 9. SQUARED LINEAR MODELS 153

Figure 9.2: The squared linear model (blue) shown inside the triangle A, of data (black),
together with its logarithmic normal bundle (gray dashed lines). The triangle is divided into
six Weyl chambers (red lines). The log-Voronoi cell of the point p is the intersection of the
fiber of the logarithmic normal bundle with the corresponding Weyl chamber (green line).

Fix p = (f L xd (@1 +10)?) f M. The fiber of the log-normal bundle over p is the line

U U2 us
auy + bug + cuz = det T2 (r1+ae)?
1 —T9 T1+22

This is a linear form in (ug, us, uz), whose coefficients depend cubically on the model point
a = wo(x1 + 2x2) (1 + x2), b = —x1 (21 + T2) (221 + x2), ¢ = —x122(T] — T9).

The triangle As is divided into six Weyl chambers, depending on the ordering of w1, us, us.
These are the six red triangles in Figure 9.2. The log-Voronoi cell at p is the green line
segment through p. It is the intersection of the log-normal line with the Weyl chamber. The
log-Voronoi segments interpolate between a red boundary and a half-edge of the triangle.

This example also shows that each log-Voronoi cell is strictly contained in its log-normal
polytope. The latter is the intersection of the triangle with the line spanned by the dashed
segment. Thus, squared linear models are more complicated than linear models and toric
models, for which these (n—s)-dimensional convex bodies coincide |1, Theorems 9 and 10]. o

The topological boundary 9SS of a log-Voronoi cell S consists of data points with at least
one additional MLE with another sign pattern. The boundary 05 is defined by a piecewise
analytic function. We next identify a setting in which the boundary has linear pieces. Given
i,j € {1,...,n} and o € {—1,+1}", let 7, : P"' — P"! denote the map exchanging
coordinates ¢ and j followed by coordinatewise multiplication by o.
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u1>u3z, uz<uq

A
UL>UZ, U2 UL

g N o+
u1<ug,uz<ug u1 <ug, u2>uq

Figure 9.3: The log-normal polygon in Example 9.5.5. The log-Voronoi cell is marked in
green.

Proposition 9.5.4. Fiz a point y? in a squared linear model M and its log-Voronoi cell
S. If y and 7ij,(y) have different sign vectors, Tijo(y)? € M, and V(u; — u;) NS # 0, then
V(u; —u;) NS is a connected, linear piece of the boundary 0S of the log-Voronoi cell.

Proof. Let S’ C II(y) be the set of data points s in the log-normal polytope I1(y) such that s
has an MLE with sign vector equal to the sign vector of 7,5, (y). If s € SNV (u; —u;), then the
likelihood function for s has the same value at y and at 7;;,(y). Therefore s € SN.S’. Since
S is convex, SNV (u; —uj) € SNS" C OIS is a connected, linear piece of the boundary. O

If the proposition holds for sufficiently many triples i, j, o, then 95 is piecewise linear.

Example 9.5.5 (s = 2,n = 4). The model in Example 9.4.2 has A = {z1,21 + x2, 21 +
2xq9,x9}. Fix y = (3,2,1,—1). The log-normal polygon II(y) is the intersection of the
tetrahedron Az with the plane V(u; — ug — 3ug — 2uy). This is a quadrilateral, divided into
four cells based on the sign vector of the MLE; see Figure 9.3. Their boundaries are u; = us
and uy = w4, because the vectors 73 1+ (y) = (1,2,3,1) and 74— (y) = (3,1, -1, -2)
are in the kernel of B.

Consider the slightly modified arrangement {x1,x; + x2, 21 — 225, x2}. The log-normal
polytope of y = (3,2,5,—1) is also a quadrilateral with four nonempty cells. The log-Voronoi
cell meets all other cells in a codimension 1 boundary. This boundary is nonlinear. o

We found that the log-Voronoi cells of squared linear models exhibit a wide range of
behaviors. Experiments suggest that, for a generic model and point, the boundary of the
log-Voronoi cell is nonlinear. As in Section 9.4, being generic is stronger than having a
uniform matroid. Example 9.5.5 underscores this. As in |1, page 9|, we think that these
boundaries are generally not algebraic. Experiments indicate that it is also possible to
have linear and nonlinear boundary pieces at the same time. Finally, it is possible that all
boundaries are linear, so the log-Voronoi cell is a polytope (see Figure 9.3). In conclusion,
the detailed study of log-Voronoi cells for squared linear models is a promising direction for
future research.
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9.6 Revisiting Determinantal Point Processes

In this final section we show how our squared linear models appear in the applied context
of Chapter 8. We characterize the squared linear models that can be realized as projection
DPPs.

Example 9.6.1. The braid arrangement in Example 9.0.2 may be realized as a projection
DPP whose state space is 2-subsets of [n]. The corresponding parameter matrix © is

( { 1 .- 1 )
. o
1 T2 - Tp
We now consider the submodel given by a linear subspace L of the Pliicker space p() —1
which is contained in the Grassmannian Gr(k,n). For instance, we can take £ to be the set of
all k-planes in R" that contain a fixed (k — 1)-plane. Or, dually, we can consider all k-planes
in R” that lie in a fixed (k + 1)-plane. In terms of the parametrization above, we take © to
be a matrix whose last row consists of unknowns 61, 6,,...,6, and whose other entries are
fixed real numbers a; ;. We refer to this model as a linear projection DPP, and we denote it

by £2 C sGr(k,n). We say that £? is generic if the numbers a; ; are chosen generically.
Using row operations, we can eliminate k£ — 1 of the model parameters, and we can write

(1,1 a2 o+ g1 1O - 0
a1 ass -+ Ayppp1 O 1 - 0
Ar—11 Qg—12 - Qk—1n—k+1 00 1
th O -+ Oppr 00 0

The probabilities in the model £? are the squares of all maximal minors of ©. Equivalently,
the probabilities are the squares of maximal minors containing the last column in the matrix

0 -0 —ai1 —a21 T —Qg—-1,1 th
o1 -0 —aiz2 —a22 T —ak—1,2 02

0 -+ 1 —@ipit1 —Q2n—kt1 “°° —Oh—ip—kt1 On—kt1

(9.15)

These (If Cninors are precisely the hyperplanes spanned by any n — k of the first n columns.

Proposition 9.6.2. A squared linear model is a linear projection DPP if and only its hyper-
plane arrangement A is a discriminantal arrangement. This means that the hyperplanes in
A are those spanned by subsets of the n points in P"~F seen in the first n columns in (9.15).

Let us consider generic models £2 where ¢ = n — k is fixed. These are given by the (”
hyperplanes which are spanned by all /-subsets of n generic points in P¢. It is known that tHe
number of regions of this discriminantal arrangement is a polynomial in n of degree ¢2 [1].
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Corollary 9.6.3. The ML degree of the generic linear projection DPP is a polynomial in n
of degree ?. For instance, if { = 2 then the ML degree of the generic model L* equals

%(n —1)(n* — 5n® + 14n — 8). (9.16)
Proof. The first sentence is a direct consequence of [I, Theorem 3.3]. In [78, p. 793] the
authors compute the characteristic polynomial y 4(¢) for the non-central discriminantal ar-
rangement. Then x4(1) is the number of bounded regions in R™\.A, while x4(—1) is the
number of unbounded regions in R™\.A. To obtain the total number of regions in Pp '\ A,
i.c., the ML degree, one then computes 2 (x.a(—1)+x.4(1)). This is the polynomial (9.16). [

Example 9.6.4 (n =6,k =4). Let © be a 4 x 6 matrix whose first three rows are random
real numbers and whose last row consists of parameters 6,60s,...,0s. The probability of
any quadruple in [6] is the squared determinant of the corresponding maximal minor of ©,
divided by the sum of all 15 squared minors. The variety £? is a 3-dimensional Veronese
surface inside the 8-dimensional squared Grassmannian sGr(4,6) C P'. The ML degree of
this DPP model equals 70. This the value of (9.16) for n = 6. It counts the regions in
the discriminantal arrangement for six points in P2. These points are derived by the row
operations on © that yield (9.15). All complex critical points are real, and there is one
critical point in each region. o

In this chapter, we initiated the study of the likelihood geometry of squared linear models.
We showed that squared linear models are isomorphic to projections of Veronese varieties,
that all critical points of maximum likelihood estimation are real and positive, and we gave
an explicit description of the parametric likelihood ideal. We gave a formula for the tropical
maximum likelihood estimate, and described the log-normal polytopes of squared linear
models. We concluded by characterizing the squared linear models that are projection DPPs.

In the last three chapters, we have conducted a study of the likelihood geometry of
determinantal point processes. We showed that the likelihood equations of L-ensembles
have a recursive structure, and that the critical points of maximum likelihood estimation are
all real and positive for projection DPPs and squared linear models. In addition, we gave
formulas for the ML degrees of the squared Grassmannian and the Grassmannian.

In this thesis, we studied optimization problems on Grassmannians in a variety of con-
texts. For our objective functions, we primarily used general linear functions and the log-
likelihood function. There are many avenues for further work, including the study of discrim-
inants of optimization problems. Several chapters focused exclusively on the Grassmannian
of lines Gr(2,n), and should be extended to other Grassmannians. It would also be interest-
ing to extend this research to flag varieties. One more important direction to further develop
metric algebraic geometry for the Grassmannian is the study of distance minimization using
other metrics.
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