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Given a fixed symmetric matrix H, a point v € Pl is critical for
'H

the constrained minimization of WWTWW LIRVASEY AN wly # 0,

and the augmented Jacobian below has rank ¢ + 1:

(Hy), (Hy), - (Hy),
4 Y> Y
of; of; of;
Jacow) = | w7 Gy,
o, o, o,
o o |

If y € Sl"reg is an eigenvector of H, then it is a critical point!
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minimize Wwfljw subjecttoy € X C pr=1

Solve by:

1. Find all complex critical points.
y' Hy

2. Find the minimum by evaluating at every critical point.

wly

Theorem (Borovik-F.-Hosten-Pfeffer). For a generic symmetric

matrix H, the number of critical points is finite and constant. We
call this number the Rayleigh-Ritz (RR) degree.

The RR degree of a variety 2 is an algebraic
measure of the complexity of the problem.

Definition. The RR discriminant is the Zariski closure of the

set of symmetric matrices H where the critical point set is
infinite or nonreduced.

The RR discriminant is also related to the difficulty of a problem,
and governs the number of real critical points of a problem.






Proposition (Borovik-F.-Hosten-Pfeffer, 2025). The RR degree of
L = P"lis n. The critical points are the eigenvectors of H.

The RR discriminant is the (univariate) discriminant of the
characteristic polynomial of H.

Proposition (Borovik-F.-Hosten-Pfeffer, 2025). The RR degree
of the rational normal curve of degree d, i.e., the image of the
map,

Pl > p4 2ol = 728 7205 2 oo 8 59

is2(2d — 1).

The RR discriminant is a hypersurface of degree 2(4d — 3).






Example (Rational normal quadric). P! - P°
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Example (Rational normal quadric). P! - P°

| [t: 5] [£%:ts: 57
The RR degree is 6.

The RR discriminant is a hypersurface of degree 10.

The defining polynomial of the RR discriminant has three
irreducible factors:

3(2hyy — 2hy3 — hyy + hy3)* + 2Ry + 2hyy — 2R 3 — hyy — 4lyy — hy3)?
3(2hyy — 23 — hyy + hy3)* + 2Ry — 2hyy — 2R 3 — hyy + 4lyy — hy3)?

3456h} hiy — 6912k hyohyshys — 34565 hyshyohys T
+3456h; hyyhyshas + 204807, b7, + 307287 hizhy,
—3072h7 hizhss + 1536h7 hy3h3, — 3072h2 by shyshss
— 1900843 hy3h3y + -+ — 4563h3,h3; — 288h3,hihi,

The number of real critical points is 2 or 4.

(Salizzoni-Sodomaco-Weigert, 2025)
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Then the RR discriminant is (£ 4 ).



The RR correspondence is the incidence variety

Ro = {(y, H) € X, x Sym*(C") : yis critical for H,y'y # 0}

~

IfIgp, = (815 ---» &) € Clw, H], we write 9" for the pairs
(y, H) in £ o where

Sym?*(C")

0g, 08, &
dy; Oy, oy,
rank | : : | <n-—1.
Jg, 08, 0g;
dyp Oy, W

Then the RR discriminant is 77,(£'o:").
The isotropic part of the discriminant is 77,(o" N Vip!ty)).

The nonisotropic part of the discriminant is 7,(£ 4" \ Viy'y)).
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Example (I = |]3’1). Ny hy

he isotropic part of the RR discriminant is equal to the whole
discriminant, namely V((hy; — hy,)* + 4h3,).

The nonisotropic part of the RR discriminant is V(f;,, {1 — 1155).

Proposition (Borovik-F.-Hosten-Pfeffer, 2025). The RR
discriminant of & = P"~! is the (univariate) discriminant of the

characteristic polynomial of H.

The isotropic part of the discriminant is the whole discriminant.

The nonisotropic part of the discriminant is the Zariski closure of
the set of real symmetric matrices with a double eigenvalue.




iIsotropic parts

3(2hyy — 2hy3 — hoy + h33)? + 20y — 2Ry — 203 — By + 4hyy — hi3y)?
3456h hys — 6912h° hyshy3hyy — 3456R2 hyyhyohys
+345607 hyyhyshss + 204805 1, + 30720 hish,,

—19008%3 1y 3h2, + - — 456302 h, — 288h2 h2h2,

nonisotropic part



Conjecture (Borovik-F.-Hosten-Pfeffer, 2025). The isotropic part

of the RR discriminant is a hypersurface. Each irreducible
component is cut out by a sum of squares.
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Theorem (Borovik-F.-Hosten-Pfeffer, 2025). Algorithm 2
defines a one-to-one parametrization

Gr(l”l, ko) X GI’(I’z, rlkl) X e X Gr(l”n, Fn_lkn_l) X H:D(Cr”Xk”) --> ‘Ofk,r
of a tensor train variety.

Algorithm 2: Decompression decompress(Xo,. .., X,)
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4 Y = X, Ry;

5 Y = tensorize(y', [r;, ki, ..., kn]);
6 end

7 return
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J .r is the set of tensors of format kj X k; X --+ X k,, such that the
flattening matrix with format ky---k;,_; X k;+--k, has rank at most 7.

Theorem (Borovik-F.-Hosten-Pfeffer, 2025). Algorithm 2
defines a one-to-one parametrization

Gr(l”l, ko) X GI‘(I’z, rlkl) X e X Gr(l”n, I”n_lkn_l) X H:D(Cr”Xk”) --> ‘Ofk,r
of a tensor train variety.

Algorithm 2: Decompression decompress(Xp,...,X,) Corouary_
Input : (Xop,...,Xn) EWCZ
Output: v e U C Vier

1 r:=(1,r,..., Tn, 1), ¥ 1= Xp;

n—1
dim(F ) = 1k, — 1 + Z Fip1 Tk = Tig1)

2 fori=n—-—1to 0do =
3 | R;=unfold(¥,[rit1, kit1- - kn]);

4 | Y= X;R;;

5 S tensorize(qﬁi, ris Kis ooy knl);

6 end
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Givenk = (ky, ..., k) andr = (r{, ..., I,), the tensor train variety
J .r is the set of tensors of format kj X k; X --+ X k,, such that the

flattening matrix with format ky---k;,_; X k;+--k, has rank at most 7.

Theorem (Borovik-F.-Hosten-Pfeffer, 2025). Algorithm 2
defines a one-to-one parametrization

Gr(ry, ko) X Gr(ry, r1ky) X =+ X Gr(r,, 7,_1k,_1) X P(C%) > Ty

of a tensor train variety.

Algorithm 2: Decompression decompress(Xj,..., Xn) Corouary_
Input : (Xo,..., X)) EWCZ
Output: v e U C Vier

1r:=(1,r1,...,7m0,1), ¥ 1= Xy;

2 fori=n—-1to0do

R; = unfold (%, [rit1, kit1 -+ kn]);

n—1
dim(F ) = 1k, — 1 + Z Fip1 Tk = Tig1)
i=0

3

4 V' = X;Ry;

5 S tensorize(W, [Tz', kiy..., kn]);

6 end Deg ree?

7 return (Rosana'SChm|dt, 2026)
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Table 1: RR degrees of determinantal varieties of m X n matrices with rank < r.



|7 | m\n |2 3 4 5 6 7 8 |

1 2 8 18 32 50 72 98 128

1 3 61 148 295 518 833 1256
1 4 480 1220 2624 5012 8768
1 ) 3881 10166 23051 46856
2 2 4 6 8 10 12 14 16

2 3 154 448 970 1784 2954 4544
2 4 5840 24924 74775 182306 386716
3 3 9 12 15 18 21 24

3 1 2368 7340 17552 35755 65280
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Table 1: RR degrees of determinantal varieties of m X n matrices with rank < r.

k r codim | RR deg | time | Disc. deg | time
(2)3 (1)2 5) 48 14s 360 1.8m
(2)4 (1)s 12 384 90s 5438 3h
(2)4 (1,2,1) 10 352 59s 6000 6.4h
(2)s (1)a 27 3840 26m
(2)s (1,2,1,1) 25 4608 33m
(2)s (1,2,2,1) 22 2752 1h
(2)6 (1)s 58 46080 24h
(2)6 (1,2, (1)s) 56 69120 49h
(26 | (1,1,2,1,1) 56 69120 37h
(26 | (1,2,2,1,1) 53 67583 153h
(26 | (1,2,1,2,1) 55 134656 78h

Table 2: RR degrees and RR discriminant degrees for small tensor train varieties.
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Table 1: RR degrees of determinantal varieties of m X n matrices with rank < r.

k r codim | RR deg | time | Disc. deg | time
(2)3 (1)2 5) 48 14s 360 1.8m
(2)4 (1)s 12 384 90s 5438 3h
(2)4 (1,2,1) 10 352 59s 6000 6.4h
(2)s (1)4 27 3840 26m
(2)s (1,2,1,1) 25 4608 33m
(2)s (1,2,2,1) 22 2752 1h
(2)6 (s 58 46080 24h
(2)6 (1,2, (1)3) 56 69120 49h
(26 | (1,1,2,1,1) 56 69120 37h
(2)s | (1,2,2,1,1) 53 67583 | 153h
(26 | (1,2,1,2,1) 55 134656 78h

Table 2: RR degrees and RR discriminant degrees for small tensor train varieties.

Proposition (Borovik-F.-Hosten-Pfeffer, 2025). The smallest tensor
train variety which is not a Segre product is k = (2,2,2,2,2,2) and

r =(1,2,2,2,1). Its RR degreeis > 691 127.




M | Extremal eigenvalues Vi Ch Vo Cs V3 Cs Vi Cy
1 -4.7543, 2.9994 -3.5692 | 336 | -3.2364 | 332 | -2.4927 | 204 | -1.9931 | 128
2 -4.6467, 2.5529 -3.0231 | 568 | -3.0762 | 432

3 -5.4243, 3.3603 -3.8648 | 616 | -2.8834 | 384

4 -5.6478, 3.0117 -4.2191 | 710 | -2.2213 | 146 | -2.4659 | 144

5 -4.7984, 3.9884 -4.1527 | 628 | -3.2443 | 372

Table 5: ALS statistics for k = (2,2,2,2) and r = (1,2, 1) for symmetric matrices M1-Ms.
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