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100 identical bowls of candy
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Let u; be the number of times candy i appears in Freddy’s bag.

Let x; be the number of times candy i appears in the bowil.
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The probability of choosing candy i

X1+X2+X3 +X4+X5 .



The probability of choosing candy i and candy j is

X; A

X1+XZ+X3+.X4+X5 X1+X2+X3+X4+.X5.



The probability of choosing the ith candy u; times for i = 1,2,3,4,5 is (up to a constant)

up Uy Uz Uy Us
xl x2 x3 x4 x5

L x — ° ° °
((X) T E— (likelihood function)




maximize L (x) subjecttox € & (%)

Solve by:

1. Find all complex critical points of ( % ).

2. Evaluate L (x) at each real critical point to find the maximum.

The maximum likelihood degree is an algebraic measure of complexity of ( % ).



H={xeP":x-x(x+ - +x)=0)}

”1 U, .Uz ”4 u,
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L xy=———————¥?/e", - -
%) (X] + Xo + X3 + Xy + -+ + x, ) utitustugtetu,



Let A be a k X n matrix: A= |7 .

Qe Y2 0 Uiy

The Pliicker coordinates are the maximal minors of A: X iyeeniy

Uiy Yy,

Example (k = 2, n = 5).
A di1 dip dyz3 dyyg dis X1pX34 — X13Xp4 + X14X3 = 0
- 6121 a22 a23 a24 azs X12A35 — X305 T X503 = 0

d;1dpn

X.. = = a0~ — 410
Ij ajla'Z 11772 71412

X1pX45 = X14%05 + X5Xp4 = 0
X13X45 = X4X35 + Xy 5X34 = 0

Xp3X45 = XogX35 + Xp5X34 = 0




Statistical Models on the Grassmannian:

1. 'The positive Grassmannian
Gr(k,n).y = {x € Gr(k,n)g : sgn(x;) > Oforall I C [n], |I]| = k}.

2. The configuration space X(k, n) = Gr(k, n). /(R )"

3. The squared Grassmannian sGr(k, n) = {(xlz) o x € Grlk,n)g .



Statistical Models on the Grassmannian of lines:

1. 'The positive Grassmannian
Gr(2,n),o = {x € Gr(2,n) : sgn(x;) > Oforall 1 <i<j<nj.

2. The conhguration space /), = X(2,n) = Gr(2,n), /(R )".

3. The squared Grassmannian sGr(2,n) = {(xlyz')lgi <j<n - X € Gr(2,n)g }.

Every point in these sets defines a probability distribution
on the set of 2-element subsets of [n] = {1,...,n}.
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U Uys :
4 X8 03 01 63 X1t 52 Xy (likelihood function)
Uy 14 X 23
X3 X8 X4t X PRV,
(a3 o g3 F Xy



ML Degree (no. critical points)

x € Gr(2,5). )

maximize L (x) subject to x e M 0.5 )

x € sGr(2,5) 12



ML Degree (no. critical points)

x € Gr(2,n). 7

maximize L (x) subject to bl =/ A 0.1 (n — 3 ) |

(Sturmfels-Telen, 2021)

x € sGr(2,n) (n — 1) 1/2

(K, 2025)



Finally, G(m, n) is the Pliicker ideal of the Grassmannian of m-planes in C".

Model || 3 x3 |3x3sym | 3 x4 | 3x3coin | 3x4coin | G(2,4)
unscaled 10 6 26 12 39 4
scaled 39 16 164 16 54 6

G(2,)9)

52

(Hosten-Khetan-Sturmfels, 2005)

Volume of the second hypersimplex

ML degree of A,

We close with two open problems, aimed at experts in enumerative geometry.

Problem 13. Find an explanation for all the ML degrees stated above.




Proof.

Let f(x) = 21 <ici<n N Recall that the ML degree is equal to the Euler characteristic:
ML Degree(Gr(2,n)) = y(Gr(2,n)’\{f = 0})

Here, Gr(2,n)" = {x € Gr(2,n) : ||

L<i<i<n™i #+ 0} denotes the open Grassmannian.

By the definition of ., ,, there exists a surjective map

0 : GrQn)\[f =0} — M, = Gr(2,n)°/(C*)".

Assuming the fibers @ are also homeomorphic to a generic fiber &, the
multipliciativity of the of the Euler characteristic implies,

H(Gr2n)\{f=0}) = p((M,,) - (F) = (=1 n=3) - (F).



By the definition of .Z ) ,, there exists a surjective map

0 : Grm\{f =0} — M, = Gr2,n)"/(CX)".

The fibers of ¢ are
P~ (x) ~ {2 € (CY": f(A) # 0}

where f,(1) = . <ici<nXijAi#j is @ polynomial in 4.

The fiber ¢ ~!(x)is the complement of a hypersurface whose Newton polytope is the
second hypersimplex, and whose coefficients are in Gr(2,n)°.

A ¢




The set {(4 € (C*)" : f(4 - x) # 0} is the complement of a hypersurface whose
Newton polytope is the second hypersimplex, and whose coefficients are in Gr(2,n)°.

Proposition (F, 2026). The principal A-determinant of the second hypersimplex A, ,

does not intersect the open Grassmannian Gr(2,n)°.

The set {(4 € (C*)" : f(A - x) # 0} is the complement of a smooth hypersurface
whose Newton polytope is the second hypersimplex.

By (Kouchnirenko, 1967), the Euler characteristic of such a hypersurface complement
is the signed volume of the second hypersimplex, namely

(_ l)n—l(zn—l - n) .
HGr2a)\(f = 0}) = y(My,) - ((F) = (= 1) (n = (=12 = n) @)




Proof. By (Clarke-Hosten-Kushnerchuk-Oldekop, 2024), the principal A-determinant of
A, , is the cut out by the product of principal minors of size at least 4 of the matrix

0 X X3 - X

Xip 0 X3 0 Xy,
X=1x3 x3 0 - x3,]

Xin Xon X3 0

[t suffices to show thatif x € Gr(2,n), the det(X) = 2”_2x12x23---xn_1,nx1n.

To do this, we use a modified version of the signed excedance enumerator. @



If the data are real and positive, how many critical points are real?

ML Degree Real
Gr(2,n).g Q" '=n)m-73)! ) (F, 2026+
ﬂ(),n (n B 3 )! (l’l - 3)! (Sturmfels-Telen, 2021)

SGI‘(Z,n) (n — 1) !/2 (n — 1) !/2 (F, 2025)



Example.

The ML degree of Gr(2,4) is 4. Of these 4 complex critical points, either 2 or 4
of them are real. This behavior is governed by the logarithmic discriminant, a

degree 14 polynomial with 8 4277 terms:

8§ 2.2 2 3 ) S 4 2 7 3.2 7 2.3 9

U U U AUy F 2U Uy U Uy s+ U U U+ SU U U Uy + 10U uisuy, iy,

7 4 2 6 4 2 2 6 3 3 2 6 2 4 2 5 5 2 2
813U Uy 20U U Uy + ABUp U U U3+ 10U LU 3U gy + AAU U U
5 4 3.2 1.5 3 4 2 4 6.2 2 45 3.2 a4 4 4 2
+04up,uy U Uy — 10uduisuyuss + 4luisulsup, sy + 20U Ui u;,uys — OSuy5u iy, U5,

3 7 2.2 3 6.3 .2 ) > 7.3 .9 s 3 0
+20upyu Ui uyy — 24U U U U F AULU U UGy — 28U UL Uys — SUypU U U3 +



If the data are real and positive, how many critical points are real and positive?

ML Degree Real Positive
Gr(2,n).g Q" '=n)m-73)! ) 1 (F, 2026+
ﬂ(),n (n — 3)! (n —_— 3)! 1 (Sturmfels-Telen, 2021)

sGr2,n)  (n—1)!/2 (mn—1!12 W=DV2  wws



Proof. Parameterize the positive Grassmannian Gr(2,n). , by

(e”l cos(@;) - e’ cos(é’,))

e'1sin(@,) -+ e'sin(f)
where (7, 0) is in the convex set
reR":ry=r, =0} x{0€[0,z/2]":0=0,<0, < - <0, =xa/l}.

Pliicker coordinates:  x; = e sin(€; — 6))

Argue that the log-likelihood function is concave on this set:

Z w(r; + r; + logsin(@, — 0,)) + ( Z uij) .lgg( Z er,-+'3-+logsin(6’j—9i)). @

1<i<j<n 1<i<j<n 1<i<j<n
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